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Abstract. We classify elementary abelian 2-subgroups of compact simple Lie 
groups of adjoint type. This finishes the classification of elementary abelian p- 
subgroups of compact simple Lie groups (equivalently, complex linear algebraic 
simple groups) of adjoint type started in [Grj and continued in |AGMVj . 



I. Introduction 

An elementary abelian p-group of rank n is a finite group isomorphic to (C p ) n . In 
this paper we study elementary abelian p-subgroups of compact simple Lie groups of 
adjoint type. A Lie group G is simple means it Lie algebra Qo = Lie G is simple; it 
is of adjoint type means the adjoint homomorphism 71 : G — > Aut(fjo) is injective. 
A subgroup of Lie group G is called toral if it is contained in a maximal torus of G. 
The structure of non-toral elementary abelian p-subgroups of a compact group G is 
related to the topology of G and its classifying space (cf, |Boj . [Se] . |AGM V] ) . In 
1950s, Borel made an observation that, for a compact connected Lie group G, the 
cohomology ring H*(G, Z) has non-trivial p-torsion if and only if G has a non-toral 
elementary abelian p-subgroup (cf, |Boj and [Si])- We call a prime p a torsion prime 
of a compact (not necessary connected) Lie group G if G has a non-toral elementary 
abelian p-subgroup. For G = Aut(uo) with Uo a compact simple Lie algebra, the 
torsion primes are as follows. 

Table 1. Torsion primes 



A n -i,n > 2 


B„,n>2 


C n ,n > 3 


D„,n > 5 


D 4 


E 6 


E 7 


E 8 


F 4 


G 2 


p \2n 


2 


2 


2 


2,3 


2,3 


2,3 


2,3,5 


2,3 
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In |Grj . R. Griess classified maximal non-toral elementary abelian p-subgroups 
of any compact simple Lie group of adjoint type and gave criteria to distinguish 
which elementary abelian p-subgroups are non-toral ( |Grj is about linear algebraic 
groups over an algebraic closed field of characteristic 0, which is equivalent to the 
consideration of compact Lie groups). For primes p > 5, Griess has classified non- 
toral elementary abelin p-subgroups, they are some p-subgroups of PU(n) (p\n) and 
a subgroup (Z/5Z) 3 of Eg. For p = 3, the non-toral subgroups of compact simple 
Lie groups of adjoint type up to conjugation was classified in [AGMVJ, they are 
3-subgroups of PU(n) (3|n) and some 3-subgroups of compact simple Lie groups of 
type Eg, E7, Eg, F4. This work was based on Griess' study of maximal elementary 
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abelian p-subgroups. The authors used it as a step to their classification of p- 
compact groups (some objects in homotopy theory) for p odd. In this paper, we 
classify elementary abelian 2-subgroups of any compact simple Lie group of adjoint 
type. It suffices to classify elementary abelian 2-subgroups of the group G = Aut(uo) 
for each compact simple Lie algebra u . 

The paper is organized as follows. In Section 2, we do the classification for classical 
simple Lie algebras, which amounts to classify elementary abelian 2-subgroups of 
the groups PU(n) (Type A, inner case), 0(n)/(— I), Sp(n)/(— I) and PU(n) x (to) 
(Type A, full case, r = complex conjugation). 

For an elementary abelian 2-subgroup F of PU(n), we define a map 

m: F x F — > {±1}, 

show that it is a bilinear form when F is viewed as a vector space over F2 = 
Z/2Z and {±1} is identified with F2. We show that kerm is diagonalizable and 
the conjugacy class of F is determined by the conjugacy class of kerm and the 
number rank(F/ ker m). For an elementary abelian 2-subgroup F of O(n)/ (—1) or 
Sp(n)/ (— I), we define a bilinear map m : F x F — > {±1} and a function 

fi:F^{±l}, 

which satisfy a compatibility relation (m(x,y) = fi(x)^i(y)fi(xy)). They give F a 
structure we called symplectic metric space and we get invariants r, s, e, S from this 
structure. We show that the conjugacy class of F is determined by the conjugacy 
class of A F = ker(/z| kerrn ) and the numbers s, e, 5. The classification in the full type 
A case can be reduced to the above three cases. 

In Subsection I2.4[ we discuss a special class of subgroups of 0(n)/(— I) and 
Sp(n)/(— /), introduce the notions of "symplectic vector space" and "symplectic 
metric space" and study their automorphism groups. The study of some elementary 
abelian 2-subgroups of Aut(u ) for compact exceptional simple Lie algebras u is 
reduced to this class of subgroups of Sp(n) / (— I). Moreover, their Automizer groups 
(Definition 13.41) are described in terms of the automorphism groups of symplectic 
vector spaces or symplectic metric spaces. 

In Section [31 we present our understanding of involutions in Aut(uo) for compact 
exceptional simple Lie algebras (cf, [Kn] ) . the symmetric subgroups Aut(uo) e and 
Klein four subgroups of Aut(u ) (cf, |HYj ). We also discuss our method to the 
classification of elementary abelian 2-subgroups in Aut(u ) for compact exceptional 
simple Lie algebras. 

In Sections 4-8, we give the classification in type G2, F 4 , E 6 , E 7 , E 8 respectively. 
We show that an elementary abelian 2-subgroup of Aut($j2) = G2 is determined up 
to conjugacy by its rank, which is at most 3. For an elementary abelian 2-subgroup 
F of Aut(f 4 ) = F4, the subset Ap of elements conjugate to cr 2 (cf, Subsection 13. ip 
and the identity element is a subgroup. We show that the conjugacy class of F is 
determined by the numbers rankAp and rankF/Ap, which satisfy rankAp < 2 and 
rankF/A^ < 3. E 6 has F 4 and Sp(4)/ (— I) as its symmetric subgroups, we construct 
elementary abelian 2-subgroups of Aut(e 6 ) from subgroups of F 4 and certain special 
subgroups (those considered in Subsection 12. 4p of Sp(4)/ (— J), show they represent 
all conjugacy classes and are not conjugate to each other. 
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Use an ascending chain E 6 C E 7 C E 8 , we construct some elementary abelian 
2-subgroups of Aut(e7) and Aut(es) from subgroups of Aut(ee). The remaining 
elementary abelian 2-subgroups of Aut(e7) are related to very special subgroups of 
PSU(8) and PS0(8). Some of the remaining elementary abelian 2-subgroups F of 
Aut(e§) possess two canonical subgroups Ap,Hp with r&nkHp/Ap = 1 and the 
conjugacy class of F is determined by the numbers rank Ap, rank F j Hp. Any other 
elementary abelian 2-subgroup of Aut(e 8 ) is determined up to conjugacy by its rank, 
which is at most 5. 

Theorem 1.1. For Uo = te, £7, ts, f4, Q2, there are 51, 78, 66, 12, 4 conjugacy classes 
of elementary abelian 2-subgroups in Aut(u ) respectively. 

For an elementary abelian 2-subgroup F of a compact Lie group G, we call 
W(F) = Ng(F)/Cg{F) the Automizer group of F (in G), the name of Automizer 
is suggested by Professor R. Griess. We determine the Automizer group W(F) for 
each elementary abelian 2-subgroup F of Aut(u ) with u a compact exceptional 
simple Lie algebra. 

Notations. Let Z n = {AI„ : |A| = 1}, I Pi9 = diag{— I p , I g }, 

t ( I n \ , _ / I n , 
Jn I - L J ' J " L ' n 



Let Zq denote the compact simple Lie algebra of type E 6 , E 6 denote the con- 
nected and simply connected Lie group with Lie algebra Cq, and Ce(C),E 6 (C) their 
complexifications. Similar notations will be used for other types. 

Let Z(G) denote the center of a group G and Go denote the connected component 
of G containing identity element. For H C G ([) C 5), let C G (H) (C g (f))) denote 
the centralizer of H in G (f) in let N G (H) denote the normalizer of H in G. 

In the case G = E 6 , E 7 , let c denotes a non-trivial element in Z(G). 

Let Pin(n) (Spin(n)) be the Pin (Spin) group in degree n. Write c = eie 2 • • • e n G 
Pin(n). If n is odd, then Spin(n) has a Spinor module M of dimension 2 2i 2 _ . If 
n is even, then Spin(n) has two Spinor modules M + ,M_ of dimension 2^~. We 
distinguish M + ,M_ by requiring that c acts on M + and M_ by scalar 1 or -1 
respectively when 4|n; and by —i or i respectively when 4|n — 2. 

For a quotient group G = H/N, let [x] = xN (x G H) denote a coset. 
Acknowledgement. The author would like to thank Professors Griess and Grodal for 
some helpful communications. He would like to thank Professor Jong-Song Huang 
for discussions on symmetric pairs and thank Professor Doran for a lot of suggestions 
on the mathematical writing. The author 's research is supported by a grant from 
Swiss National Science Foundation (Schweizerischer Nationalfonds). 

2. Matrix groups 

For F — R, C, H, let M n (F) be the set ofnxn matrices with entries in F. Let 
0(n) = {X G M n (R) \XX l = I}, SO(n) = {X G 0(n) | det X = 1}, 
U(n) = {X G M n (C) \XX* = I}, SU(n) = {X G U(n) | det X = 1}, 
Sp(n) = {X G M n (M)\XX* = I}, 
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then 0(n) C U(n) C Sp(n). Let 

so(n) = {X G M n (M)|X + X* = 0}, 

su(n) = {X G M n (C) |X + X* = 0, tr X = 0}, 

sp(n) = {X G M n (H)|X + X* = 0}, 

then so(n),Su(n),sp(n) are Lie algebras of SO(ra), SU(n), Sp(n) respectively. 

2.1. Projective unitary groups. For G = U(n)/Z n , any involution in G has a 
representative A G U(n) with A 2 = /. Then A ~ I p . n - P — ( q P ^ for some 

p, 1 < p < n — 1. One has 

(U(n)/Z n )^-» 1 = (U(p) x U(n -p))/Z n when p ^ |; 

(L»/Z n ) [/ ^1 = ((TJ(n/2) x u(n/2))/Z„) x ([.£]). 

Let F C U(n)/ Z n be an elementary abelian 2-subgroup. For any x,y G F, choose 
A,B£ U(n) with A 2 = B 2 = I representing x, y. Then 1 = [x, y] = [A, B] Z n / Z n 
implies [A, B] = \a,bI for some Xa,b G C, which is obviously independent with 
the choice of A, B. Also, x 2 = y 2 = 1 implies Xa,b = ±1- For any x,y G F, let 

m(x,y) = m F (x,y) = X a ,b- 

Lemma 2.1. For any x,y, z G F , m(x, x) = 1 and m(xy, z) = m(x, z)m(y, z) . 

Proof. m(x, x) — 1 is clear. Choose A,B,C G U(n) with A 2 = B 2 = C 2 = I 
representing x, y, z. Let [A, C] = [B, C] = X 2 I for some numbers Ai, A 2 = ±1 . 
We have 

[AB,C] = A[B,C]A- l [A,C] = A(X 2 I) A' 1 (XJ) = (X 1 X 2 )L 
So m(xy, z) = m(x, z)m(y, z). □ 

If we regard F as a vector space on F 2 = Z/2Z and identify {±1} with F 2 = Z/2Z, 
Lemma 12. II just said m is an anti- symmetric bilinear 2-form on F. Let 

kerm = {x G F\m(x,y) = l,Vy G i* 1 }, 

which is a subgroup of F. 

For an even n, let T = ([i^a], then any non-identity element of T is 

conjugate to J» t » and (U(n)/Z„) r ° = (U(n/2)/Z») x r . 

Lemma 2.2. For a Klein four group F C G = U(n)/ Z n; if rriF is non-trivial, then 
F is conjugate to Tq. 

Proof. Choose A,B G U(n) with A 2 = 5 2 = 7 and F = ([A], [B]). Since m F is 
non-trivial, we have [A, B] = —L Since A 2 = I, we may assume that A = I p , n ^ p 
for some 1 < p < ^. From [A, 5] = —J, we get ABA^ 1 = —B. Then i? is of 

the form B = ( ^ t ^ 1 j for some Bi,B 2 G M pn _ p . Since I? is invertible, we 

get p = | . Since £> 2 = /, we have -Bi-B 2 = I- Let S 1 = diag{J n / 2 , B{\. Then 

(SvW-',SB^) = ((- J I ML" '*)). □ 
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Lemma 2.3. For any m, k > 1 , let A(A) = diag{A, A, . . . , A} (A G U(m) j 6e t/ie 
diagonal map U(m) — )> U(£;m). Then for any two subgroups Si, S 2 C U(m) 7 

A(5i) ~ A(S 2 ) Si ~ S 2 . 

Proof. Both similarity conditions are equivalent to, 

30 : Si — >■ S2 with tr(0(x)) = tr(x),Vx G Si. 

□ 

Proposition 2.4. Lei F be an elementary abelian 2-subgroup of\J(n)/Z n , 

(1) when kerm = 1, the conjugacy class of F is determined by rankF; 

(2) in general, kerm is diagonalizable and the conjugacy class of F is determined 
by the conjugacy class of kerm and the number rank F. 

Proof. For (1), prove by induction on n. Since kerm = 1, rankF is of even. When 
rankF > 2, choose any X\,x 2 G F with m(xx,x 2 ) = — 1. By Lemma [2 .2\ ( 
T . We may assume that (x 1 ,x 2 ) = T , then F C (U(n)/Z n ) r ° = A(U(n/2)/Za) x 
T . And so F = A(F') x T for some F' C U(n/2)/Z«. We also have kerm F / = 1. 
By induction, the conjugacy class of F' is determined by rankF', so the conjugcay 
class of F is determined by rank F. 

For (2), since 7r _1 (kerm) is abelian by the definition of m and kerm, where tt is 
the natural projection from U(n) to U(n)/ Z n . So it is diagonalizable. Then kerm 
is diagonalizable. We may write F as F = kerm x F' with m(kerm, F') = 1 and 
m\pi non-degenerate. By (1), the conjugcay class of F' is determined by rankF' = 
rankF — rank kerm. Moreover, it is clear that (U(n)/ Z n ) F = A(U(n')/ Z n /) x F', 

where n' = n/2 ias ^~. So kerm = A(F") for some F" C U(n')/Z n i. Fix F', by 
Lemma [2.3[ the conjugacy class of kerm in U(n)/ Z n and that of F" in U(n')/ Z n / 
determine each other. Since the conjugacy of F is determined by F' and the class 
of kerm in (U(n)/ Z n ) F , we get the last statement of (2). □ 

2.2. Orthogonal and symplectic groups. Let F be an elementary abelian 2- 
subgroup of G — O(n)/ (—I),n > 2. For any x G F, choose A G O(n) representing 
x, then A 2 = X^I for some = ±1. For any x, y G F, choose A, F G O(n) 
representing x, y, then [A, B] = \a,b t for some \a,b = ±1- The values of A a, Aa,s 
are independent with the choice of A, B. For any x G F, let = Aa; for any 
x,y G F, let m(x,y) = Xa,b- 

Lemma 2.5. For any x,y,z G F ; m(x,x) = = 1, m(xy,z) = m(x, z)m(y, z) 
and 

m(x,y) = fi(x)fi(y)fi(xy). 

Proof. The proof is similar as that for 12.11 □ 

Lemma 2.6. su(n) has two (or one) conjugacy classes of outer involutive automor- 
phisms with representative r = complex conjugation and Tq = r Ad(J n / 2 ). 

Proof. This follows from Cartan 's classification of compact Riemannian symmetric 
pairs. □ 

Lemma 2.7. For x G F , fi(x) = —1 if and only if x ~ [J%]- 
For x, y G F m(x, y) = —1, 



6 



JUN YU 



(1) when n(x) = fj,(y) = -I, (x,y) ~ ([/«], 

(2) when nix) = fi{y) = I, (x,y) ~ ([% f ], [J»]). 

Proof. If = — 1, then a; = [A] for some A G 0(n) with A 2 = —J. The A ~ Jn 
and so i ~ [^-]- The proof for (2) is the same as that for Lemma [2.21 For (1), we 
may assume that x = [«/»], then so{n) x = u(n/2). By Lemma |23| after replace y 
by some gyg~ l with g G G 21 , we may assume that (so(n) x ) y = (u(n/2)) y = so(n/2) 
or sp(n/4), then a little more argument shows ?/ = [iCji]. □ 

Definition 2.8. For an elementary abelian 2-group F C 0(n) / (—1) , n>2, define 
A F = ker(/x|kerm) and the defect index 

defeF = \{x G F : n(x) = 1}\ - \{x e F : = -1}|. 

Define (e F ,5 F ) as follows, 

• when n\ kcrm ^ 1, define (e F ,S F ) = (1,0); 

• w/ien /i|kerm = 1 and defeF < ; define {e F ,8 F ) = (0, 1); 

• when /u|kerm = 1 and defeF > ; define (e F ,5 F ) = (0,0). 

Define r F = rankA^, s F = | rank(F/ ker m) — 5 F . 

We will see in the proof of Proposition 12. 121 that defe F = if and only if n\ kerm ^ 
1. It is clear that e F ,5 F ,r F , s F and the conjugcay class of Ap are determined by 
the conjugacy class of F. 

Let r : = ([!»,»], [/»]) and T 2 = ([J»], [#»)]. Then defeTx = 2, defer 2 = -2, 

(0(n)/(-J)) ri = A(0(-)/(-/» x l\ 

and 

11 

(0W/(-/» r2 = A(s P ( I )/(-/)) x r 2 . 

Lemma 2.9. Let F be a non-trivial elementary abelian 2-subgroup of 0(n)/(— I), 
z/rank(F/ker m) > 2, there exists a Klein four subgroup F' C F with F' ~ IV 

Proof. Choose a subgroup F" C F such that F = kerm x F", then ker(m F ") = 1 
and rankF" > 2. Replace F by F", we may assume that kerm = 1 and rankF > 2. 

We first show that, there exists l^xGf with n(x) = 1. From rankF > 2, we 
get rankF > 4 since it is even (m F is non-degenerate). Suppose any 1 ^ x G F 
has fi(x) = — 1, then for any distinct non-trivial elements x,y G F, m(x,y) = 
n(x)[i(y)[j,(xy) = —1 by Lemma l2~5| which contradicts to m is bi-linear on F. 

Upon we get 1 ^ x G F with /x(x) = 1, choose any z G F with m(x, z) = — 1. 
Then n{xz)n{z) = m(x, z)fi(x) = —1. So exactly one of fi(z),fi(xz) is equal to -1. 
By Lemma [2.71 we have (x, z) ~ □ 

Lemma 2.10. Lei F be a non-trivial elementary abelian 2-subgroup o/0(n)/(— I), 
if rank (ker m/A F ) = 1 and rank^/Ap) > 1, there exists a Klein four subgroup 
F' C F with F' ~ Ti. 

Proof. Choose a subgroup F" C F such that F = A F x F", then rankker(mp») = 1, 
A F rr = 1 and rankF" > 1. Replace F by F", we may assume that A F = 1, 
rank ker m = 1 and rank F > 1 . 
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F is of the form F = kerm x F" with m(kerm,F") = 1, rankF" > 2, and 
rriF" non-degenerate. When rankF" > 2 or F" ~ T\, there exists F' C F' with 
F' ~ Ti by Lemma [2.91 Otherwise F" ~ r 2 . Choose x, y G F" generating F" and 
1 / 2 G kerm, then F' = (xz,yz) ~ Ti since (p(xz), n(yz), n(xy)) = (1,1,-1). □ 

Lemma 2.11. For any n > 1 , let T : O(n) M> U(n), T' : Sp(n/2) m> U(n) j 6e tfie 
natural inclusions. Then for any two subgroups Si, S2 C O(ra) or S[, S' 2 C Sp(n/2) 

T(S l ) ~ T(S 2 ) ^ S x ~ S 2 , 
T'(^) ~ T'(S 2 ) ^ 51 ~ S 2 . 
Proof. This is a classical fact, one may refer |Yu] for a proof. □ 

Proposition 2.12. Let F be an elementary abelian 2-subgroup of 0(n)/(— I), 

(1) when kerm = 1, the conjugacy class of F is determined by Sp and sp; 

(2) in general, kerm is diagonalizable and the conjugacy class of F is determined 
by the conjugacy class of Ap and the invariants (€f,5f,sf). 

(3) we have defe(F) = (1 - e F ){-l) SF 2 rF+aF+SF . 

Proof. For (1), since kerm = 1, rankF is even. When rankF = 2, F ~ T\ or T 2 

by Lemma [2.21 When rankF > 2, there exists a Klein four subgroup F' C F with 

F' ~ Ti by Lemma ES We may assume that, T x C F, then F C (0(ra)/(-/)) ri = 

A (0(f )/(-/)) x rY So F = A(F') x ri for some F' C 0(f )/(-/). By induction, 

we can show defeF 7^ and the conjugacy class of F is determined by 8p and Sp- 

For (2), kerm is diagonalizable since 7r _1 (kerm) is abelian by the definition of 

m, where ir is the natural projection ir : 0(n) — > 0(n)/(— I). F is of the form 

F = kerm x F' with m\p> non-degenerate. When ep = 1, by Lemma [2.101 F is of 

the form F = ker m x F' with mp> non-degenerate and defe F' > 0. By (1), the class 

of F' is determined by s F = ^f^. We have (0(n)/(-I}) F ' = A(0(n')/(-I}) x F', 

where n' = ra " kF , . Fix F', by Lemmas 12.31 andl 2. Ill the class of ker m in O(n)/ (— /) 
2^ — 

determines the class of it in (0(n)/ (— I)) F . Moreover, as e F = 1 is given, the class 
of ker m is determined by the class of Ap — ker /z|kerm- So the conjugacy class of F 
is determined by that of Ap and the invariants (dp, sp) (and e F = 1 in this case). 
The proof for e F = case is similar as that for e F = 1 case. 

(3) follows from Lemma [2.71 and (2). □ 

The classification of elementary abelian 2-subgroup of G = Sp(n)/ (— J) is similar 
as that for 0(n)/(—I). We give the definitions and results below but omit the 
proofs. 

Let F be an elementary abelian 2 subgroup of G = Sp(n)/ (— I),n > 2. For any 
x G F, choose A G Sp(n) representing 2, then A 2 = XaI for some = ±1. For 
any x,y G F, choose A,B e Sp(n) representing x, then [A, F] = \a,bI for some 
Aa,b = ±1- The values of Xa,^a,b are obviously independent with the choice of 
A, B. For any x G F, let /i(x) = A^; for any x,y & F, let m(a;, y) = A^s- 

Lemma 2.13. For any x,y,z G F, m(x, x) = fi(x) = 1, m(xy, z) = m(x, z)m(y, z), 
and 

m(x,y) = /j,(x)/j,(y)n(xy). 
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Lemma 2.14. For x G F, /i(x) = — 1 if and only if x ~ [J»]. 
For x,y G F with m(x, y) = —1, 

(1) when fi(x) = fi(y) = -I, (x,y) ~ ([*/], [#]); 

(2) wnen = = I, (x,y) ~ [J»]). 

Definition 2.15. For an elementary abelian 2- group F C G = Sp(n)/(— J), define 
A F = ker(/z| kerm ) and £ne defect index 

defeF = |{x G F : ^(x) = 1}| - |{x G F : fi(x) = -1}|. 

Define (e F ,5 F ) as follows, 

• when fi\ kcTm ^ 1, define (e F ,S F ) = (1,0); 

• wnen /i|kerm = 1 defe F < 0, define (e F ,5 F ) = (0, 1); 

• wnen /i|kerm = 1 defe F > 0, define (e F ,8 F ) = (0,0). 

Define r F = r&nkA F , s F = | rank(F/ ker to) — 5p. 

Proposition 2.16. Let F fre an elementary abelian 2 subgroup ofSp(n)/(—I), 

(1) when ker to = 1, the conjugacy class of F is determined by 5 F and s F ; 

(2) in general, ker to is diagonalizable and the conjugacy class of F is determined 
by the conjugacy class of A F and the invariants (e F ,5 F ,s F ). 

(3) we have defe(F) = (1 - e F )(-l) SF 2 rF+SF+SF . 

2.3. Twisted projective unitary groups. For n > 3, G = Aut(su(n)) has two 
connected components and Go — Int(su(n)) = U(n)/ Z n . There are two conjugacy 
classes of outer involutions in G with representatives r , r Ad( J n / 2 ) (the latter exists 
only when n is even), where r is the complex conjugation. One has 

Int(su(n)) r ° = 0(n)/(-I), 
Int(su(n)) T(,Ad(J "/ 2) = Sp(n/2)/(-J). 

Let F be an elementary abelian 2-subgroup of Aut(su(n)). From the inclusion 
F fl Int(su(n)) C Int(su(n)) = U(n)/Z n , we have a bilinear form 

to : F n Int(«u(n)) x F n Int(su(n)) — > {±1}. 

Moreover, we define a function 

/i : F - F n Int(su(n)) — ► {±1} 

by = 1 if z ~ To, and /i(z) — — 1 if z ~ r Ad(J n / 2 )- On the other hand, for 
any z £ F — Int (su)(n), define fj, z : F (1 Int (su(n)) — ► {±1} and 

m z : (Ffl Int(su(n))) x (F n Int(su(n))) — ► {±1} 

from the inclusion 

F n Int(jsu(n)) C Int(su(n)) z = 0(n)/(-I) or Sp(n/2)/(-J). 
Definition 2.17. For an elementary abelian 2-group F C Aut(su(n)) ; define 

A F = {x G Fnlnt(su(n))|z ~ zx,V^ G F — F fl Int(su(n))} 

and 

defeF = |{x G F : x ~ r }| - \{x G F : x ~ r Ad( J n/2 )}|. 
Define (e F ,5 F ) as follows, 
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• when defeF = 0, define (€f,Sf) = (1,0); 

• when defeF > ; define (€f,Sf) = (0,0); 

• when defeF < ; define (e^, 5f) = (0,1). 

Define rp = v&nkAp and sp = \ rank(F/ ker m) — 5f- 

Lemma 2.18. For any z E F — F fl Int(su(n)) 7 m z = m on F fl Int(su(n)). 

Proof. For z E F — Int (su(n)) and x,y E F fl Int (su(n)), 

m{x,y) = -1 (x,y) ~ ([%§], [J*]) m z {x,y) = -1. 

So m z (x,y) = m(x,y). □ 

Lemma 2.19. For any z G F — F fl Int(su(n)) and rr G F fl Int(su(n)) 7 fi z (x) = 
fi{z)fi{zx). 

Proof. We may assume that z = r or r Ad( J„/ 2 )- 

In the case of z = r and /i z (x) = 1, we may assume that x = [ip, n -p] £ 
0(n)/{—I) = Int(.su(n)) 2 for some < p < n. Let w = [diag{?/ p , I n - P }], then 

uzu~ l = z(z~ 1 uz)u" 1 = z(n)n _1 
= z[diag{-i/ p , J n _p}][diag{-?Jp, I n - P }] 

So zrc ~ z and 1 = /i z (x) = ii(z)/i(zx). 

In the case of z = r and = —1, we may assume that x = [Jn/2] £ 

0(n)/(-I) = Int(su(n)) z . Then zx = r Ad(J n/2 ) = t' q . So -1 = ^(x) = 
fj,(z)fj,(zx). 

The proof in the case of z = t' q = tq Ad( J n / 2 ) is similar. □ 

Lemma 2.20. We have A F C kerm and A F = ker(/i z | kerm ) for any z E F — F fl 
Int (su(n)). 

Proof. Choose an element z E F — F flint (su(n)). For any z E A F , by the definition, 
for any y E F fl Int(su(n)), we have /i(zy) = fi(zyx), in particular /i(z) = /i(zx). 
Then 

m(x,n) = m z (x,y) = fx z (x)/j, z (y)/j, z (xy) = /i(z) fi(zx) fi(zy) fi(zxy) = 1. 
So Ap C kerm. 

On the other hand, for any x E kerm = kerrn^, x E Ap if and only if G 
F fl Int(5u(n)), n{zy) = /i(zyx). Since 

H(zy)n(zyx) = ii z (y)/i z (xy) = m z (x,y)n z (x) = /i z (x) 

(we use x E kerm = kerm 2 in the last equality), we get Ap = ker(/z 2 |kcrm)- D 

Proposition 2.21. For an elementary abelian 2 group F C Aut(su(n)) but not 
contained in Int(su(n)) ; kerm is diagonalizable and the conjugacy class of F is 
determined by the conjugacy class of Ap and the invariants (ep, 5p, rankF). 

Proof. When there exists z E F with z ~ r , 

F C Aut(su(n)) z = (0(n)/(-/)) x (z). 
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By Lemma [2.181 m z = m. Then (ep, 5f) coincides with (€f>,€f') when F' — F D 
Int(su(n)) is considered as a subgroup of 0(n)/(—I). Then the conclusion follows 
from Proposition 12.121 and Lemma [2.1 11 

Otherwise, for any z G F — F D Int(su(n)), z ~ r Ad(J n / 2 ), so 

F c Aut(su(n)) z = (Sp(n/2)/(-I)) x (z) 

and n z = 1. In this case, = kerm = F fl Int(su(n)), (ei?,5i?) = (0,1), so the 
invariants (ep, 5 F ; ?>, sp) must be different with that for a subgroup considered in 
the first case. The conclusion follows from l2.lTl □ 

2.4. A class of elementary abelian 2-subgroups and symplectic metric 
spaces. The elementary abelian 2-subgroups F of 0(n) / (— I) (or Sp(n) / (—1)) with 
non-identity elements all conjugate to [If,".], [I§] (or [I|,s], [il]) have a particular 
nice shape. 

Proposition 2.22. For an elementary abelian 2 subgroup F ofO(n)/(—I) (or 
Sp(n)/ (— I) ), any non-identity element of F is conjugate to [Is,™.], [Is] (or [I a, a], [H]) 
if and only if any non-identity element of Ap is conjugate to [Is,s]. 

Proof. Since elements in F — A F are all conjugate to [Is,s], [Js] (or [Is,s], [i/]) and 
any element of A F is not conjugate to [Js] (or [iJ]), the conclusion follows. □ 

Regard A F as a subgroup of G' = 0(n')/(— I), U(n')/(— /) or Sp(n')/(— /), where 
n' = 2^tt (^ = 2,1,0), then the condition of any non-identity element of A F is 
conjugate to [Is,™] in G is equivalent to any non-identity element of A F is conjugate 
to [Ij£ rj] in G'. 

2 ' 2 

Let F* = Hom(F, F 2 ) be the dual group of an elementary abelian 2-group. 
Lemma 2.23. For n = 2 m s, s odd, let K = {±l} n /((-l, -1)) and F C K be 

a rank r subgroup with any non-identity element has | components —1 and other 
7} components 1. Then one can divide J = {1,2, ...,n} into a disjoint union of 2 r 
subsets {J a : a G F*} with each J a of cardinality ^ = 2 m ~ r s such that any element 
x G F is of the form 

x = [t 1 ,t 2 ,j..,t n ] J Vi G J a ,ti = a(x). 

Proof. Choose a representative of F in {±l} n , we may assume that F C {±l} n 

with any non-identity element has | components —1 and other | components 1. 

For any x G F, let x = (t x i,t x2 , t xn ), t xi = ±1. For any a G F*, define 

" — '■ ^ ' 

J a = {1 < i < n\{x G F : t x ^ = 1} = kera}. 

Then J = {1,2, ...,n} is a disjoint union of 2 r subsets {J a : a G F*} and any 

element x G F is of the form x = (ii, t 2 , t n ), Wi G J a , U = oc(x). We only need to 

v v ' 

show that the cardinarity of each J Q is ^ = 2 m ~ r s. 

Let cto = G F* be the zero element. For any a 7^ aio, count the number of pairs 
(x, i) with a(x) = —1 and t X) i = —1. For a fixed a; G F, when x G" ker a, there are ^ 
such (x,i); when x G ker a, there are no such (x,i). For a fixed i, 1 < % < n, when 
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x G' J ao U J a , there are 2 r_2 such (x, i); when i G J a , there are 2 r_1 such (x, z); when 
i G Jq, , there are no such (x, i). So we have an equality 

2 — (n \Ja\ I ^ ao I ) 2 ~\~ \ J a \2 , 

by which we get \J a \ — \J ao \- Then the cardinarity of each J a is ^ = 2 m ~ r s. □ 

Proposition 2.24. For an elementary abelian 2-group F C 0(n)/(— I) (or F C 
Sp(n)/ (— J) j wift non-identity elements all conjugate to [^] for 

the conjugacy class of F is determined by the tuple (eF,5p,r F ,SF). 

Proof. This follows from propositions 12.121 12.161 12.221 and Lemma 12.231 □ 

Let F r)S>e; s be an elementary abelian 2-subgroup of 0(n)/(— I) (or Sp(n) /(—/)) 
satisfying the properties in Proposition 12.241 and with invariants (e, 5, r, s), which is 
unique up to conjugation. 

Definition 2.25. A finite- dimensional vector space V over the field ¥ 2 = Z/2Z is 
called a symplectic vector space if it is associated with a map m : V x V — > F 2 
such that m(x, x) = 0, m(x, y) = m(y, x) and m(x + y,z) = m(x, z)m(y, z) for any 
x, y, x e F. 

Moreover, it is called a symplectic metric space if there is another map \i : V — > 
¥ 2 such that /i(0) = and m(x, y) = /i(x) + fi(y) + ji(x + y) for any x, y E V. 

Two symplectic metric spaces (V,m,fi) and (V' , m' , fi') are called isomorphic if 
there exists a linear space isomorphism f : V — > V transferring (m, fi) to (m'/x'). 

Definition 2.26. For a symplectic metric space V, define Ay = ker/z|kerm and the 
defect index defe V — \{x E V : fi(x) = 1}| — \{x G V : = — 1}| . 

• When /i|kerm 7^ 1; define (e v ,8 v ) = (1,0); 

• when /i|kcrm = 1 and defe V < 0, define (ey, Sy) = (0, 1); 

• when /i|kerm = 1 and defe V > 0, define (ey, Sy) = (0, 0). 

Define ry = rank Ay, sy — | rank V/ ker m — Sp. 

Remark 2.27. When m is non- degenerate, fi is a non- degenerate quadratic form, 
in this case 5y is the Arf invariant of \i. We would like to thank Professor Madsen 
for reminding this. 

The following proposition is an analogue of 12.121 

Proposition 2.28. The isomorphism class of a symplectic metric space is deter- 
mined by the invariants (r v ,sy,ey,5y). 
We have defeV = (1 - e)(-l) 5 2 r+s+s . 

Proposition 2.29. For a vector space V over¥ 2 of rank 3 with a map fi : V — > F 2 
(/i(0) = 0), let m(x,y) = /i(x) + fi(y) + /i(x + y). Then (V,m,fi) is a symplectic 
metric space if and only if m is bilinear, if and only if there are even number of 
elements in V with non-trivial values of the function fi. 

Proof, m is bilinear if and only if the sum of the values of \x over all elements of V 
is 0, if and only if there are even elements in V with \x value 1. 

Other parts of this proposition are clear. □ 



12 JUN YU 

Let K,s;e,<5 be a symplectic metric space with the prescribed invariants, which is 
unique up to isomorphism . Let Sp(r, s; e, 5) be the group of automorphisms of V rjS ^s 
preserving m and \i. Let V s;e> s = Vo )S;(E) 5 and Sp(s;e,<5) = Sp(0,s;e,6). It is clear 
that, Sp(r,s;e,5) = Rom{V s . e ' 5 ,W r 2 ) x' (Sp(s; e, 5) x GL(F0). Let Sp(s) = Sp(s,F 2 ) 
be the degree-s symplectic group over the field F 2 . 

Lemma 2.30. We have the following formulas for the orders of Sp(s; e, 5), 
|Sp(a;0,0)| = ( J] (2 l+1 -l)(2 l + l))-2 s2 - s+1 , 

l<t<a-l 

|Sp(«-l;0,l)| = 3.( J] (2 i -l)(2 m + l))-2 s 



-s+l 

* - *-J\* ~r ± JJ ' ) 

KKs-1 



| Sp(s; 1,0)| = | Sp(a)| = ( J] ( 2l - + 1))2' 2 . 

l<i<s 

Proof. When s = 1 or 0, these are clear. So we just need to calculate 

|Sp(s;e,(J)|/|Sp(s-l;e,<y)|. 

We calculate it for the case e = 5 = 0, other cases are similar. 

Sp(s;0,0) permutes the non-identity elements x G K ; o,o with \ix = 1, there are 
2 *^ 2 * — 1 = (2 s — 1)(2 S_1 + 1) such elements. Fix two distinct non-identity elements 
Xi,x 2 G K,o,o with fj,(xi) = yu(x 2 ) = 1 and m(xi,x 2 )- For any other x with /i(x) = 1 
and (xi,x) = —1, (xi,x) is transformed to (xi,x 2 ) under some transformation in 
Sp(s : 0,0). There are 2 2s ~ 2 such elements x. So | Sp(s; e, 5)|/| Sp(s — l;e, 5)| = 
(2 s - 1)(2 S - 1 + l)2 2s ~ 2 . ' □ 

Since 

Vs;0,0 © Vo-,1,0 — K-1;0,1 © n);l,Q — K;1,0> 

Sp(s; 0, 0) and Sp(s — 1; 0, 1) are subgroups of Sp(s; 1, 0). 
Proposition 2.31. Sp(s; 1,0) = Sp(s). 

Proof. Since Vg^o/kerm = ¥?, s is a symplectic space of dimension 2s, by restriction 
we get a natural homomorphism n : Sp(s; 1, 0) — > Sp(s). 

Suppose 7r(/) = 1 for some / G Sp(s; 1,0), then for any x G K;i,o> /(^) = x or 
/(x) = xz, where 1 ^ z G ker m (which is unique). Since fj,(xz) = fi(z)/i(z)m(x, z) = 
—n(x) 7^ fi(x), so f(x) = x for any x G K;i,o- Thus tt is injective. 

Surjectivity of 7r follows from | Sp(s; 1, 0)| = | Sp(s)|. □ 

Since an element in Sp(s; 0, 0) or Sp(s — 1; 0, 1) preserves the symplectic form m 
on V = F 2 , 5 , so we have inclusions Sp(s; 0, 0) C Sp(s) and Sp(s — 1; 0, 1) C Sp(s). 

Proposition 2.32. The indices 

[Sp( S ):Sp( S ;0,0)] = 2 s - 1 (2 s + l) 

and 

[Sp( S ):Sp( S -l;0,l)] = 2 s - 1 (2 s -l). 
Proof. This follows from Proposition 12.301 directly. □ 
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We also define groups Sp(s;t) (s, t > 0) as the automorphism group a symplecic 
vector space (V, m) over F2 with rankV" = 2s + t and rankkerm = t. It is clear 
that Sp(s; 0) = Sp(s) and 

Sp(s;t) = Hom(F^,F*) x (GL(t,F 2 ) x Sp(s)). 

3. Exceptional compact simple Lie groups (algebras) 

For a complex simple Lie algebra g with a specified Cartan subalgebra [), let 
A = A(q, f)) be the root system of g and B be its Killing form. For any A G f)*, let 
i?A G f) be determined by 

B(H x ,H) = \(H),VHet). 

For any root a G A, let 

a{H a ) 

Then {-£^1 correspond to the co-roots {a v = /J^x|a: G A}. 

For any a G A, let X a be a root vector of the root a, one can normalize the 
root vectors {X a ,X_ a } so that B(X a ,X- a ) = 2/a(H a ) . Then [X a ,X_ a ] = H' a . 
Moreover, one can normalize {X a } appropriately, such that 

u = spanjXo, — X_ a , i(X a + X_ a ), iH a : a G A} 

is a compact real form of q QKn] pages 348 — 354). From now on, when we talk 
on a compact real simple Lie algebra, we just mean this specific real form of the 
complex simple Lie algebra g. 

We order the simple roots in Bourbaki style, and write H' a . as H[ for brevity for 
any simple root aij. 

3.1. Involutions. Let Uq be a compact simple Lie algebra and G = Aut(uo) be 
its automorphism group. The conjugacy classes of involutions in G are in one-one 
correspondence with the isomorphism classes of real forms of the complexified Lie 
algebra q = u ®m C, and also in one-one correspondence with compact irreducible 
Riemannian symmetric pairs (uo, ()o)- These objects were classified by Elie Cartan in 
1920s. We give representatives of conjugacy classes of involutions the automorphism 
group G = Aut(iio) for each compact simple exceptional Lie algebra u . 
i) Type E 6 . For Uo = Zq, let r be a specific diagram involution defined by 

T (H ai ) = H a6 ,r(H a6 ) = H ai ,r(H a3 ) = H a5 ,T(H a5 ) = H a3 , 
i~(H a2 ) = H a2 ,r(H ai ) = H ai ,r(X± ai ) = X± a6 ,T(X± ae ) = X± ai , 
T (X± a3 ) = X± a5 ,r(X± a5 ) = X± a3 ,r(X± a2 ) = X± a2 ,r(X± a4 ) = X± aA . 

Let 

Oi = exp^niH^) , o" 2 = exp(7ri(_?f( + H' 6 )), a 3 = r, cr 4 = t exp (it iH 2) . 

Then cri, a 2 , cr 3 , cr 4 represent all conjugacy classes of involutions in Aut(u ), which 
correspond to Riemannian symmetric spaces of type EII, EIII, EIV, EI and the 
corresponding real forms are _2, Ce.M; c 6,26, ^6,-6- &i, °"2 are inner automorphisms, 
(J3, 04 are outer automorphisms. 
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ii) Type E 7 . For Uo = e 7 , let 

, .„,, , . H' 2 + Hi + HI . H 2 + Hi + HI + 2H[ 
ax = exp(niH 2 ),a 2 = exp(7T2 ),a 3 = exp(7u ). 

Then 04, cr 2 , 03 represent all conjugacy classes of involutions in Aut(uo), which cor- 
respond to Riemannian symmetric spaces of type EVI, EVII, EV and the corre- 
sponding real forms are 67,3, 67,25, 67,-7- 

iii) Type E 8 . For u = e 8 , let 

0i = exp(7iiH' 2 ), <j<i = exp(ni(H 2 + H[)). 

Then 0i,cr 2 represent all conjugacy classes of involutions in Aut(uo), which corre- 
spond to Riemannian symmetric spaces of type EIX, EVIII and the corresponding 
real forms are e 8 , 24 , e 8 ,_8- 

iv) Type F 4 . For u = f 4 , let 

04 = exp(7iiH[), cr 2 = exp(7iiH' 4 ). 

Then cri,cr 2 represent all conjugacy classes of involutions in Aut(uo), which corre- 
spond to Riemannian symmetric spaces of type FI, FII and the corresponding real 
forms are f 4 _ 4 , f 4i20 . 

v) Type G 2 . For u = g 2 , let a = exp(irH[), which represents the unique con- 
jugacy class of involutions in Aut(uo), corresponds to Riemannian symmetric space 
of type G and the corresponding real form is g 2 ,_ 2 . 

We remark that, in types E 8 , F 4 , G 2 , the automorphism groups of the simple Lie 
algebras, Aut(e 8 ), Aut(f 4 ), Aut(g 2 ), are connected and simply connected. Aut(e 6 ) 
is not connected and Int(e 6 ) is not simply connected, the image of the natural 
homomorphism it : E 6 — > Aut(eg) is Int(eg) and the kernel of n (= Z(E 6 )) is 
of odd 3. So E 6 has two conjugacy classes of involutions with representatives 
a[ = exp^iriH!}), o' 2 = exp(Tri(H[ + H' 6 )), where exp : z 6 — )• E 6 is the expo- 
nential map of E 6 . Aut(e7) is connected but not simply connected, the natural 
homomorphism tt : E7 — > Aut(tj) is surjective and the kernel of tt (= Z(Ej)) is of 
order 2. The preimages of cr 2 ,o"3 are elements of order 4, and preimages of a± are 
two non-conjugate involutions. So E 7 has two conjugacy classes of involutions with 
representatives a[ = exp(niH 2 ) , o' 2 = exp(m(H[ + H' 6 )), where exp : e 7 — >■ E 7 is 
the exponential map of E 7 . 

There is an ascending sequence 

F 4 C Eg C E 7 C E 8 , 

we observe that under these inclusions, the involutions cx 2 in F 4 , a' 2 in Eg, o' 2 in 
E 7 are conjugate to the involutions a' 2 in Eg, a' 2 in E 7 , a 2 in E 8 when they are 
viewed as elements in the larger groups. The conjugacy class containing cr 2 (or 
cr 2 ) is particularly important when we define the translation subgroup Ap for an 
elementary abelian 2 subgroup F. 

The following Table 2 (cf, [HYJ Tables 1&2) describes the symmetric subgroup 
Aut(uo) 61 and its isotropic module p = g~ e for each compact symmetric pair (u , £0) 
with Uo an exceptional compact simple Lie algebra. 

Remark 3.1. We apologize that the notation o~i is used to represent conjugacy 
classes of involutions in all types of simple Lie groups (algebras). To avoid the 
ambiguity, we always specify in which group we are talking about conjugacy classes. 
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Table 2. Symmetric subgroups and isotropic modules 







u 


AlltlUn^ 
A LA L I J 


n 
f 


\ j 1 


(T4 = t exp^TiiH^) 


I Q^(A\ II 1 U xx lft\ 
[bp{4:)/{-L)) X {V) 


T/ 


EII 


<j\ = exp^niH^) 


(SU(6)xSp(l)/((eri,l),(-I-l)j) x (r) 


a 3 c 6 <g> c 2 


TTTTT 
Jlilll 


a 2 = exp{TTi{H 1 + Hq)) 


(Spm(l(J) x U[l)/{\c,i))) x (r) 
t — i , Cq — so^yj 


(M + <g) 1 J © (M_ (g) 1 ) 


EjL V 


O3 = T 


TP xx //)\ 


\r 


fP\T 
S2j V 


(T 3 — exp{7Tt{n l + H )) 


i QTlt<A\ 1 In T\\ xx, /, A 

u) 2 — 1, t w = sp(4) 


l\ 


EVI 


o\ = explniH^) 


(Spin(12)xSp(l))/<( C ,l),(-l,-l)) 


M+®C 2 


EVII 


a 2 = exp^iH'o) 


((E 6 xC/(l))/(( C ,ex)})x( w ) 
^ = 1, «Sf = f 4 


(V U1 <g> 1) © (VLe ® T) 


EVIII 


a 2 = exp(ni(H[ + H' 2 )) 


Spin(16)/(c) 


M+ 


EIX 


o\ = exp(7iiH[) 


£ 7 x Sp(l)/((c, -1)) 


K, 7 <g> C 2 


FI 


o\ = exp(7iiH[) 


(Sp(3)xSp(l))/<(-I,-l)> 


K, 3 ® C 2 


FII 


o 2 = exp(7riH' 4 ) 


Spin(9) 


M 


G 


a = exp(7riH[) 


(^(l)x5p(l))/<(-l,-l)> 


Sym a C 2 g> C 2 



3.2. Klein four subgroups. In |HYj Section 4, we classified conjugacy classes 
of involutions in each symmetric subgroup Aut(uo) 61 and identify their conjugacy 
classes in Aut(u ) (some details are also given in the following sections), constructed 
some Klein four subgroups of Aut(uo) and described the conjugacy classes of invo- 
lutions in them, it is showed that they represent all conjugacy classes. 

The groups Aut(e 6 ), Aut(e 7 ), Aut(e 8 ), Aut(f 4 ), Aut(g 2 ) have 8,8,4,3,1 conjugacy 
classes of Klein four subgroups in them, most of them are distinguished by their 
involution types (Definition I3.3j) except that the Klein four subgroups r^I^ of 
Aut(e 7 ) have the same involution type (both are (a 1 ,a,a 1 )). r^I^ C Aut(e 7 ) 
can be characterized in this way, a Klein four subgroup F C E 7 with tt(F) = I\ 
(respectively, tt(F) = T 2 ) have an odd number of elements (respectively, an even 
number of elements) conjugate to a' 2 , where 7r : E 7 — > Aut(e 7 ) is a double covering. 
That is equivalent to say, we can choose a Klein four subgroup F C E 7 with ir(F) = 
Ti (respectively, 7r(F) = T 2 ) such that all of its involutions are conjugate to a[ 
(respectively, a 2 ). 

Given a Klein four subgroup F C G, we have six different pairs (9, a) generating 
F, but some of them may be conjugate. 

Theorem 3.2 ( |HYj Theorem 5.2). Let {9, a), {9', a') be two pairs of commuting 
involutions in G = Aut(uo) for Uo a compact exceptional simple Lie algebra, then 
they are conjugate if and only if 

9 ~ 9 ' , a ~ a ,9a ~ 9 a 

and the Klein four subgroups (9, a), (9', a') are conjugate. 

We remark that, Aut(e 7 ) has two non-conjugate Klein four subgroups with involu- 
tions all conjugate to o~\, so the condition of "the Klein four subgroups (9, a), (9', a') 
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are conjugate" can't be omitted in Theorem l3.2l By Theorem l3.2l Table 3 also clas- 
sifies conjugacy classes of ordered pairs of commuting involutions in Aut(uo). Which 
is another approach to Berger 's classification of semisimple symmetric pairs. 

Table 3. Klein four subgroups in Aut(uo) for exceptional case 



u 




to = Un' 

u U 


Type 


Pa 
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Pa 
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1 J U 2) ^2^ 


Pa 
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Pa 
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Pa 
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Pa 


= (exo(iri(Hi + iif^m 


so(9) 
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Pa 


r« = (exxj(ni(H[ + t exn(-KiHL)) 




1 /To /T 1 /T a 1 

^2) ^4; ^47 


Pi 

^7 


r*-i — ( f*Y"ri( Tri HL) pvn^ 7r? H.\\ 




i fT-i /Ti /Ti 1 


P*7 


T^o — { P~YTi( 777 HL \ PVFl^ 7T? HD) 
J- 2 \ CA U I / 1 biio n CA U I / 1 /<-£-£ qJ J 


•lOfS") ffi (^o(])) 3 


i /Ti /Ti /Ti 1 


P*7 

+■7 


T^o — ( P^Tti 7T7 HL \ T> 


*o(]()) ffi am) 2 


1 /Ti /To /To I 

1 ) U 2l u 2) 


ti 


T/i = (fXT>( TciHi) T) 


su(Q) G) soil) ffi zM 


I (Ti (To (To ) 


e? 


T 5 = (exp(iriH2),T exp(7riH[)) 


su(4) © su(4) © iR 


(0-1,0-3,0-3) 


e 7 


Tq = (t,u) 




(o 2 , o 2 , o 2 ) 


e 7 


Tj = (t,u exp(7riH[)) 


sp(4) 


(o 2 , O3, O3) 




T 8 = (rexp(7ui/J),u;exp(7rzi/3)) 


so(8) 


(03,03,03) 


e 8 


ri = (exp(7rz/7 2 ), exp(7rzi/4)) 


e 6 © (zM) 2 


(0-1,01,01) 


e 8 


T 2 = (exp(7TiH' 2 ),exp(7TiH[)) 


so(12)©(sp(l)) 2 


(o-l,Oi,0 2 ) 


es 


T 3 = (exp(7r^ 2 ),exp(«(^ + 


su(8) © iR 


(01, o 2 , a 2) 


es 


T 4 = (exp(7rz(i/ 2 + exp(™(i^ + #())} 


50(8) ©so(8) 


(o 2 , o 2 , o 2 ) 


u 


ri = (exp(7ciH' 2 ) , exp(-KiH[)) 


su(3) © («) 2 


(Oi,0!,Oi) 


u 


T 2 = (exp(niH' 3 ),exp(niH' 2 )) 


so(5) © (sp(l)) 2 


(Oi,0!,0 2 ) 


u 


T 3 = (exp(7rzi/4), exp(7iiH' 3 )} 


so(8) 


(02, o 2 , 02) 


02 


T = (exp(7riiif(), expi^niH!})) 


(iR) 2 


(0, 0, 0) 



3.3. An outline of the method of the classification. When Uo is of type G2, it 
turns out the maximal rank is 3 and there is a unique conjugacy class of elementary 
abelian 2-subgroups for each rank < 3. 

When u is of type F 4 , as Aut(f 4 ) = F 4 doesn't possess a Klein four subgroup 
with involution type (01, 02, 02), the union of the subset of elements in an elementary 
abelian 2-subgroup F of F4 which are conjugate to 02 and the identity element is a 
subgroup of F. Let Ap be this subgroup, then r = rankAp and s = rank FjAp are 
obviously invariants (up to conjugation). Our work is to show the conjugacy class 
of F is determined by r, s and r < 2, s < 3. 

When u is of type E 6 , we divide the elementary abelian 2-subgroups F of Aut(e 6 ) 
into four (disjoint and exhausting) classes: 

1) , F contains an involution conjugate to o 3 ; 

2) , F doesn't contain any element conjugate to 03, but contains one conjugate 

to 04; 
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3) , F C Int(e6) and it contains no Klein four subgroups conjugate to r 3 ; 

4) , F C Int(ce) and it contains a Klein four subgroup conjugate to T 3 . 

As Int(e 6 )' 73 = F 4 and Int(e 6 ) CT4 = Sp(4)/((-J, -1)), the classification in Class 1 
reduces to F 4 case; the classification in Class 2 reduces to Sp(4)/((— /, —1)) case, 
but only the subgroups with any involution conjugate to il or diag{— l2,h} are 
concerned (see the detailed discussion in Section |6] for the reason). Two amusing 
observations are, any subgroup in Class 3 is of the form F n Int(ce) for a subgroup 
F in Class 1, and any subgroup in Class 4 is of the form F flint (ce) for a subgroup 
F in Class 2 (with some additional condition). 

When u is of type E 7 , we divide the elementary abelian 2-subgroups F of Aut(e 7 ) 
into three disjoint classes: 

1) , F contains an involution conjugate to a 2 ; 

2) , F doesn't contain any element conjugate to 2 , but contains one conjugate 

to cr 3 ; 

3) , any involution in F is conjugate to a\. 
Since 

Aut(e 7 r = ((E 6 xU(l))/((c,e¥)) x 

where l/c6 Z Ee , u 2 = 1, (e 6 © iR)" = f 4 © 0, a 2 = (1,-1). Modulo U(l), 
we have a homomorphism 7r : G a ' 2 — > Aut(ee)- It turns out there is a bijection 
between conjugacy classes of elementary abelian 2-subgroups of Aut(e 7 ) in Class 1 
and elementary abelian 2-subgroups of Aut(e 6 ). 

Since Aut(e 7 ) CT3 = (SU(8)/(ii)) x (u ), where u 2 = 1, ujoXu^ 1 = X for any 
X G SU(8), cr 3 = ij^I- So we have a homomorphism 

7r : G U?J — > Aut(su(8)) = (U(8)/Z 8 ) x (u ). 

There is a bijection between conjugacy classes of elementary abelian 2-subgroups 
of Aut(e 7 ) in Class 2 and elementary abelian 2 subgroups of Aut(su(8)) whose 
inner involutions are all conjugate to J44 = diag{/ 4 , — J 4 } and outer involutions all 
conjugate to ui . 

For an elementary abelian 2-subgroup F of Aut(e 7 ) in Class 3, we show either 
F is toral or it contains a rank 3 subgroup whose Klein four subgroups are all 
conjugate to F\. In the first case, we can find an involution 9 G Aut(e 7 ) F such that 
elements in 9F are all conjugate to 03. In the second case, we can find a Klein four 
subgroup F' C Aut(e 7 ) F conjugate to r 6 . Then F is a (canonical) subgroup of some 
(well-chosen) subgroup in Class 2 or Class 1. 

In type Eg, Aut(cg) = E 8 is connected, simply connected and of adjoint type. 
Eg has two conjugacy classes of involutions (with representatives 01,02). A nice 
observation is, for an elementary abelian 2-subgroup F of Aut(e 8 ) and an element 
x of F conjugate to 01, the subset 

H x = {y G F\xy ^ y} 

is a subgroup. We define H F as the subgroup generated by elements of F conjugate 
to X , and 

A F = {1} U {x G F\x ~ 2 , and Wy G F — {1, x}, xy ~ y}. 
A F C H F if H F ^ 1. 
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Since 

Aut(e 8 ) ri - ((E 6 x U(l) x U(l))/((c,e^, 1)) x (cu), 

where 1 ^ c G Z E(i , tu 2 = 1, (e 6 ©«©«) w = f 4 © © 0, T 1 = ((1, 1, -1), (1, -1, 1))- 
Modulo U(l) x U(l), we have a homomorphism 7r : G a ' 2 — > Aut(ee). vr doesn't 
give a bijection between conjugacy classes of elementary abelian 2-subgroups of 
Aut(cs) containing a Klein four subgroup conjugate to Ti and elementary abelian 
2-subgroups of Aut(e 6 ). But we can distinguish this ambiguity explicitly. In this 
way, we get a classification of elementary abelian 2-subgroups of Aut(e 8 ) containing 
a Klein four subgroup conjugate to IY 

When F doesn't contain any Klein four subgroup conjugate to I\ and Hp ^ 1, 
we can show rankf^/Ap = 1, rankAp < 3 and Ta.nkF/Hp < 2. Moreover, the 
conjugacy class of F is determined by rankAp and rank Ff Hp. 

When Hp = 1, rankF < 5 and the conjugacy class of F is determined by rankF. 

3.4. Some notions. 

Definition 3.3 (Involution type). For an elementary abelian 2 subgroup F of a 
compact Lie group G, we call the distribution of conjugacy classes of involutions in 
F the involution type of F. 

Definition 3.4 (Automizer group). For an elementary abelian 2 subgroup F of a 
compact Lie group G, let Ca(F) = {g G G\gxg~ Y = x, Wx G F} and N G (F) = {g G 
G\gxg~ l G F,Vx G F}. we call W(F) = N G (F)/C G (F) the Automizer group of F. 

Conjugation action gives a natural inclusion W(F) C Aut(F) = GL(rankF, F2). 
Te get W(F), we need to know which automorphisms of F can the realized as Ad(g) 
for some g G G. W{F) is called Weyl group in |AGMVj . 

We will also introduce other notions like translation subgroup, defect index, resid- 
ual rank in the following sections. As the definitions of these notions depend on the 
types of the Lie algebras (or Lie groups), we give the precise definitions in each sec- 
tion below. These notions help us to show the subgroups we constructed in different 
classes or in the same class but with different parameters are non-conjugate. 

4. G 2 

For G = G2, it is of adjoint type and simply connected, there exists a unique 
conjugacy class of involutions in G. For any involution x G G, G x = Sp(l) x 
Sp(l)/ ((—1, —1))- There is a unique conjugacy class of ordered pairs (x, y) generat- 
ing a Klein four subgroup. For any of such a pair (x, y), G X)V = (U(l) x U(l)) x (t), 
where t 2 = 1 and 

y Zl ,Z2 G U(l),Ad(t)(z 1; z 2 ) = (z^\z 2 l ). 

There is a unique conjugacy class of ordered triples (x, y, z) generating a rank 3 
elementary abelian 2-subgroup. For any such a triple (x,y,z), G x,v,z = (x,y,z). 
There are no elementary abelian 2-subgroups of G of rank more than 3. 
Let F r be an elementary abelian 2-subgroup of G = G 2 of rank r, then 

W(F r ) = N G (F r )/C G (F r ) = GL(r,F 2 ). 
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5. F 4 

Let G = F 4 , which is of adjoint type and simply connected. There are two 
conjugacy classes of involutions in G with o"i, o 2 as their representatives, we have 

G-=Sp(3)xSp(l)/((-/,-l)>, 

and 

G a ' 2 Spin(9). 

There are three conjugacy classes of Klein four subgroups in G with I\, r 2 , T 3 as 
their representatives, whose involution types are 

Ti : (<7i,(7i,<7i); T 2 : (ai,a l7 a 2 ); T 3 : (<7 2 , <r 2 , 02)- 

For (Ti, G ai = Sp(3) x Sp(l)/((-7, -1)), and we have p K, 4 ® C 2 as an Sp(3) x 
Sp(l) module. G^has three conjugacy classes of involutions except a 1 = (—1, 1) = 

/-I \ 

(J, — 1), their representatives are (i J, i), (I 1 , l), ( I —1 I 

\ 1 / V 1 

And in G, we have conjugacy relations (if, i) ~ 01, 

, 1) ~ tri, ( ^ -1 j ,1) ~ a 2 . 

We explain why (diag{— 1, 1, 1}, 1) ~ o\. Since the weight space of V U4 (an Sp(3) 
module) is {±ei ± e 2 ± e 3 , ±ei, ±e 2 , ±e 3 } (each of multiplicity one), the subspace 
fixed by diag{— 1, J 2 } are the sum of weights spaces of weights {±e 2 ±e 3 , ±e 2 , ±e 3 }, 
so 

dimuf^ 1 ' 1 ' 11 ^ = dim(sp(l) +5p(2) +sp(l)) + 8 = 24, 

so (diag{ — 1, 1, 1}, 1) ~ o\. Similar calculations lead to other conjugacy relations. 

For a 2 , G U2 = Spin(9), and p = M, the Spinor module of Spin(9). G U2 has two 
conjugacy classes of involutions except a 2 = —1, their representatives are eie 2 e 3 e 4 , 
eie 2 e 3 e4e 5 e 6 e 7 e 8 . And in G, we have conjugacy relations 

eie 2 e 3 e 4 ~ ai, eie 2 ...e 8 ~ o 2 . 

The consideration on weights calculates dimug, from which we get dimug for all 
relevant a and the conjugacy relations. 

In G" = Sp(3) x Sp(l)/((-/, -1)), let x\ = (I, -1), x 2 = (i/,i), x 3 = 

/ -1 \ / -1 

x 4 = -1 ,x 5 = 1 

v 1/ V - 1 

For < r < 2, < s < 3, define 

Fr,s (pi 1 ■■■1 ■■■■> 1 A r (x 4 , . .. , X 3 ^ r ) . 

Definition 5.1. For an elementary abelian 2-subgroup F C G = F 4; define 

A F = {x e F : x ~ o- 2 } U {!}. 
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Lemma 5.2. For an elementary abelian 2 subgroup F C G, Ap is a subgroup with 
TsaikAp < 2 and rank(F/Ap) < 3. 

For each r, s with < r < 2, < s < 3, there exists a unique conjugacy class of 
elementary abelian 2 groups F C F 4 with rank A p = r and rank(F/v4^) = s. 

Proof. Let F C G be an elementary abelian 2-group. Since there are no Klein 
four subgroups of G with involutions type (oi, 0-2,0*2), for any distinct non-identity 
elements x,y G F with x ~ y ~ o 2 , we have ~ o 2 . So is a subgroup. 

In G°" 2 = Spin(9), besides o 2 = —1, the elements conjugate to o 2 in G are all 
conjugate to eie 2 • • - e 8 in Spin(8). There doesn't exist x,y G Spin(9) with x,y,xy 
all conjugate to eie 2 • • • e 8 , so rank < 2. 

In G CT1 = Sp(3) x Sp(l)/((-I, -1)), the elements x with x,a x x = {-I,l)x both 
conjugate to <j\ in G are all conjugate to (il, i). By this, it is obvious that any 
elementary abelian 2-subgroup of G whose non-identity elements all conjugate to 
<7i has rank at most 3 ((<7i, (i/, i), (jl, j)) is a rank 3 example). Since non-identity 
elements of a complement of ^4i? in F are all conjugate to <7i, so rankF/A^? < 3. 

In F = F r )S , we have Ap = A r is of rank r and Fj Ap = F r>s /A r is of rank s, so 
.F = F r s satisfies rankAp = r and lankF/Ap = s. 

When s = 0, the uniquness is showed in the proof for r < 2 as above. When 
s > 1, one argues in G U1 = Sp(3) x Sp(l)/((— /, —1)) to get the uniqueness. □ 

Proposition 5.3. For two elementary abelian 2-subgroups F,F'cG = F 4; if 
f : F — > F' is an isomorphism with f(x) ~ x, Vx G F, then there exists g G G 
such that f = Ad(g). 

Proof. This is proved in the proof of Lemma 15.21 □ 

Theorem 5.4. For any r < 2, s < 3, W(F TyS ) = P(r,s,F 2 ), where P(r,s,F 2 ) is 
the group of (r, s) blockwise upper triangular matrices in GL(r + s, F 2 ). 

Proof. For F = F TyS , Ap = A r and any g G Ng{F) satisfies gA r g~ x = A r . By 
Proposition E31 we'have W(F) = N G (F)/C G (F) = P(r, s, F 2 ). □ 

6. E 6 

Let G = Aut(ee), then Go = Int(ee) and G/Go = Z/2Z. There are four conju- 
gacy classes of involutions in G, two of them consist of inner automorphisms (with 
representatives 01, cr 2 ) and the other two consist of outer automorphisms (with rep- 
resentatives cr3,cr 4 ), we have 

Gq 1 = SU(6) x Sp(l)/((e¥/, 1), (-/, -1)), 

Gq 2 = Spin(10) x U(l)/((c, i)),c= e ie2 ...e 10 , 

G^ 3 -F 4 , Gq 4 = Sp(4)/ (-J). 

There are 8 conjugacy classes of Klein four subgroups in G with representatives 
Fx, T 2 , T 3 , T 4 , r 5 , r 6 , r 7 , r 8 , whose involution types are 

T t : (at, ax, ax), T 2 : (o- 1 ,a 1 ,o- 2 ), T 3 : (at, a 2 , a 2 ), r 4 : (cr 2 , <x 2 , a 2 ), 
^5 '■ [o~i, 0-3, CT4), r 6 : (cti, 0-4,0-4), T 7 : (o 2 , o 3 , o 3 ), r 8 : (o 2 , o 4 , o 4 ). 
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For <n, Gq 1 = SU(6) x Sp(l)/((e¥/, 1), (-/, -1)) and p = A 3 (C 6 ) <g> C 2 . Repre- 
sentatives of conjugacy classes of involutions in Gq 1 except U\ = (I, —1) and their 
conjugacy classes in G are as follows, 

((-'* /2 ),1)~. 2 ,((- /2 ,,).!)-*, 



The identification of conjugacy classes is obtained by calculating all relevant dimiiQ. 

For (7 2 , Gq 2 Spin(lO) x U(l)/((c, i)) and p = (M+ <g> 1) © (M_ <g> T), where 1 is 
the natural module (not the trivial module) of U(l), i.e., z h- > z, \/z G U(l), and 1 is 
its contragredient module. The representatives of conjugacy classes of involutions 
in Gq 2 except a 2 = (—1, 1) = (1, —1) and their conjugacy classes in G are as follows, 

(eie 2 e 3 e 4 , l) ~ a 1: (eie 2 ...e 8 , l) ~ o 2 , 

where 

_ 1 + eie 2 1 + e 3 e 4 1 + e 9 ei 

\/2 \/2 \/2 ' 

The identification of conjugacy classes is obtained by calculating Uq from the weights 
of M+, M_ as Spin(lO) modules. 

For an elementary abelian 2-group F C G, define \x : F n Go — >■ {±1} by 
A*(y) = — 1 if 2/ ~ (7i, and //(y) = 1 if y ~ o 2 . Define 

m : (F n G ) x (F n G ) — ► {±1} 

by m(yi,y 2 ) = /x(yiy 2 )/x(yi)/x(y 2 ). Here m is not always a bilinear form. 

Definition 6.1. Define 

A F = {x G H n G |/i(a;) = 1 and m(x,y) = 1, Vy G F n G } 

and defe(F) = |{y G F n G : /i(n) = 1}| - |{y G F n G : My) = -1}|- 

We call the translation subgroup of F, which has an equivalent definition 
Af = {1} U{i6 F\x ~ (T 2 , and y ~ xy for any y G F — (x), }. 

6.1. Subgroups from F 4 . In G^ 3 = F 4 , let t u t 2 be involutions with f^ 1 2* sp(3) © 
sp(l), f 4 2 = so(9), then ri, r 2 , 0-3X1, o 3 t 2 represent all conjugacy classes of involutions 
in G°" 3 except 03. And in G we have conjugacy relations T\ ~ 01, r 2 ~ o 2 , 

Since we have o 3 = r and we can choose T\ = exp(7riif 2 ) and r 2 = exp^^Fq + H' 6 )). 
Then the above conjugacy relations are clear. 

We have F 4 T1 Sp(3) x Sp(l)/((-J, -1)). Let x = o 3 , ^ = r 2 = (/, -l), 

x 2 = (iFi),x 3 = (j/,j), 

X 4 = ( J -1 ^ ] ,1),X 5 = ( f 1 I ,1). 
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Define 
and 



FL 



(xq, Xi, ...Xg, X4, X3_|_ r ), 
— (xi , . . .X s , X4, . . . , X^^- r ) . 



Proposition 6.2. For an elementary abelian 2-group F C G,if F contains an 
element conjugate to o 3; then F ~ F r>s /or some (r, s) u>z£/i r < 2, s < 3; if F G Go 
and contains no Klein four subgroups conjugate to T 3 , then F ~ F' rs for some(r, s) 
with r < 2, s < 3. 

Proof. For the first statement, we may assume that o~ 3 G -F, then F C G°" 3 = 
F 4 x (0-3). So F ~ F r>s (r < 2, s < 3) by Theorem El 

For the latter statement, since F doesn't contain any Klein four subgroup of 
involutions type (o~i, o~2, 02), so Ap = {1} U {x G F|x ~ 0-2}- Consideration in the 
groups Go 1 = SU(6) x Sp(l)/((e¥ J, 1), (-J, -1)) and G^ 2 = Spin(lO) xU(l)/((c, i)> 
(with the comparison of conjugacy classes of involutions in them and G) enables 
we to show that rankAp < 2, ia.nk(F/Ap) < 3 and the conjugacy class of F is 
uniquely determined by rankA^ and rank(F/A^). The proof is similar as the proof 
for Lemma [5.21 Then F ~ F}. s (r < 2, s < 3) since F' r s has the same invariants as 
F. □ 



Lemma 6.3. For an subgroup F in Proposition 1 6. S\ 

\/x,y G Ff] G , m(x, y) = -1 <^> x, y G F n G - A F . 

Proof. It follows from {1} U {x G F\x ~ o 2 } — Af and it is a subgroup. 
6.2. Subgroups from Sp(4)/(-J). For o 4 , Gq 4 = Sp(4)/(-J) and p = V u . 



□ 
Let 



then ri,r 2 ,r 3 , 0-4X1,0-4X2,0-4X3 rep- 



resent all conjugacy classes of involutions in G ai except 04. And in G we have 
conjugacy relations t± ~ a±, t% ~ 02, x 3 ~ 01, 

04X4 ~ 04, 04X2 ~ 04, 04X3 ~ 03. 

The identification is obtained by calculating dim Uq with considering the weights of 
K, 4 as an Sp(4) module. 



Let xq = 04, X\ = il, X2 = j/, 



x 3 = 

( 1 





x 5 



\ 



1 






-1 



,£4 



,x 6 





h 



h 





/o 1 

1 

V 





1 



\ 

1 



For any (e, 6, r, s) with e + 6 < l,r + s < 2, define 
and 

-^e,<5,r,s = (^1, ■■■,X e+ 28,Xs J ...,X r+ 2s}- 
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Proposition 6.4. For an elementary abelian 2-group F C G, if F <f_ Go and it 

contains no elements conjugate to 0-3, then F ~ F 6j s ir ,s for some (e,S,r,s) with 
e + 5 < 1 and r + s < 2; if F C Go = Int(ee) and contains a Klein four subgroup 
conjugate to T 3 , then F ~ F' eSr s for some (e, 5, r, s) with e + 5 < 1, r + s < 2, s > 1. 

Proof. For the first statement, we may assume that 04 G F, then F fl Go C Gg 4 = 
Sp(4)/ (— I). Any involution in Sp(4)/ (— I) is conjugate to one of 

ri = [i/],r 2 = [diag{I 2 ,-J 2 }],T3 = [diag{l, -I 3 }]. 

Since ct4T 3 ~ cr 3 in G and we assume F contains no elements conjugate to 03, so 
any non-identity element of F fl Go is conjugate to T\ or r 2 in Sp(4)/(— I). Then 
FnGo C Sp(4)/(— J) is in the subclass discussed in Subsection 12.41 Then F ~ F e ^,r,s 
for some (e, 5, r, s) with e + 5 < 1 and r + s < 2 by Proposition 12.241 
For the second statement, we may assume that r 3 C F, then 

F C Gq 3 = (U(5) x U(l))/((-J, -1), (e¥, 1)) - (U(5)/(e¥)) x U(l). 

((A A) 1— )■ (A A, A 2 ) gives an isomorphism (U(5)xU(l))/((-/,-l)> ^U(5)xU(l).) 
Since any abelian subgroup of U(5) x U(l) is total, so F C Go is total. We may 
assume that F C exp(f) ) for a maximal torus f) of u = c 6 . Choose a Chevelley 
involution 6 of Uo with respect to f)o- Then (F, 9) is an elementary abelian 2- 
group without elements conjugate to a 3 . By the first statement, (F, 6) ~ F e> ^ r>s for 
some (r, s). Then F ~ F' eSrs . Since we assume F contains a Klein four subgroup 
conjugate to T 3 , so s > 1. □ 

For an elementary abelian 2-group F C G without elements conjugate to cr 3 , but 
contains an element conjugate to 04, for any x G F with x ~ (T4, we have F fl Go C 
Gq 4 = Sp(4)/(— J), with this inclusion we have a function \i x : F fl G — >■ {±1} 
and a map : (F n G ) x (F n G ) — >> {±1} (Subsection 

Lemma 6.5. VFe Ziave fi x = fi and m x = m. 

Proof. We may assume that 2 = a 4 , then F n G C Gq 4 = Sp(4)/(-J). As F 
doesn't have any element conjugate to <r 3 , any element of F fl G is conjugate to 

n = if or r 2 = ^ ^ 2 ^ J in Gq 4 = Sp(4)/ (— /). Since r x ~ G o x and r 2 ~ G a 2 , 

so fi x = fi. Then = m as well. □ 

6.3. Automizer groups. 

Proposition 6.6. We have the following formuas for rankAp and defeF, 

(1) for F = F rjS , r < 2, s < 3, rankA F = r, defeF = 2 r (2 - 2 s ); 

(2) for F = F^ s , r<2,s<3, mnkA F = r, defeF = 2 r (2 - 2 s ); 

(3) forF = F eAr , s , e+6 < 1, r+s < 2, rankA F = r, defeF = (l-e)(-l) 5 2 r+s+5 ; 

(4) for F = F' e ] rs , e + 5 < 1, r + s < 2, s > 1, rankA F = r, defeF = 
(1 -e)(-l) 5 2 r + s+5 . 

Proof. They follow from Lemmas 16.31 and 16.51 □ 



From the formulas of lankAp and defeF, we know that the subgroups in the 
same family with different parameters are non-conjugate, the subgroups in different 
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families are clearly non-conjugate, so these subgroups are non-conjugate to each 
other. In total, we have 3x4 + 3x4 + 3x6 + 3x3 = 51 conjugacy classes. 

Proposition 6.7. For two elementary abelian 2-subgroups F,F' C G, if an auto- 
morphism f : F — > F' has the property f(x) ~ x for any x G F, then f = Ad(g) 
for some g G G. 

Proof. We may assume that F = F' and they are one of F r>s , F' r s , F e s, r ,s, F e ,s,r,s- 

When F = F' = F r>s , we may assume /(er 3 ) = 3 , then FnG = F'nG C Gq 3 = 
F 4 . By the proof of Lemma l572| we get there exists g G Gq 3 such that / = Ad(g). 

When F = F' = F rjS , similar as the proof of Lemma [5T2l we can show there exists 
g G Go suc h that / = Ad(g). 

When F = F' = F ej s, r ,s, we may assume /(cr 4 ) = <r 4 , then F fl G = F' fl G C 
Gq 4 = Sp{A)/ (— I) and non-identity elements of F fl Go = F' fl Go all conjugate to 
il, [7 2)2 ] in Sp(4)/ (—!)■ Then / = Ad(g) for some g G Gq 4 by Proposition 12.101 

When F = F' = F^ s , since F' eSrs C G* 4 = Sp{4)/{-I), then / = Ad(g) for 
some g G Gq 4 by Proposition 12.101 □ 

Proposition 6.8. We have the following description for the Automizer groups, 

1. r < 2, s < 3, W{F r . s ) = (F 2 ) r x P(r,s,¥ 2 ); 

2. r<2, s<3, W(F; yS ) = P(r,s,¥ 2 ); 

3. e + 5 < 1, r + s < 2, 

W^(F eAriS ) ^ F 2 r+2s+e+M x (Hom(F£ +M+2a ,F£) x (GL(r,F 2 ) x Sp(s; e, 5))); 

4. e + 5 < 1, r + s < 2, s > I, 

W{F' tAr J = Hom(F 2 + 25+2s ,F^) x (GL(r,F 2 ) x Sp(s;e,«J)). 

Proof. The action of any tu G W(F) preserves p, and m on F fl Go, and conjugacy 
classes of elements in F — Gq. By Proposition 16. 7\ an automorphism of F preserves 
these data is actually the action of some w G W(F) on F. 

Then by Lemmas 16.31 and 16. 5[ we get these Automizer groups. □ 

7. E 7 

Let G = Aut(c7), there exists three conjugacy classes of involutions in G with 
representatives 01, 2 , 03, we have 

G CT1 - (Spin(12) x Sp(l))/((c, 1), (-c, -1)), 

G^-((E 6 xU(l))/((^e^))x,(u;>, 

G CT3 = (SU(8)/(z/» x (u), 

where c = eie 2 ■ ■ • ei 2 , 1 7^ c' G Z Eg , w 2 = 1, and 

(e 6 © «) w = f 4 © 0,5u(8) w S sp(4). 

There exists 8 conjugacy classes of Klein four subgroups of G, their representatives 
and involution types follows, 

Ti : (01,0-1,0-1), T 2 : (01,01,0-1), T 3 : (oi,0 2 ,0 2 ), T 4 : (o-i,0 2 ,o 3 ), 
T5 : (01,03,03), T 6 : (0 2 ,0 2 ,0 2 ), T 7 : (02,03,03), T 8 : (0-3,0-3,03). 
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For an elementary abelian 2-group F C G, define 

Hp = {1} U {x G F\x rsj ai }. 

Define m : Hp x Hp — > {±1} by m(x,y) = —1 if (x,y) ~ r\, and m(x,y) = 1 
otherwise. 

Definition 7.1. Define the translation subgroup 

Ap := {x G Hp\Vy G F — Hp, y ~ xy, and Vn G i?F, y) = 1} 
and i/ie defect index 

defe(F) = \{x G F : x ~ 2 }| - |{x G F : x ~ 3 }|. 

For x & F with x ~ a 2 , let i/^ := {y G H F \xy ~ cr 2 }, which is not always a 
subgroup. 

Lemma 7.2. iJp is a subgroup of F and rank(F/H F ) < 2. 

Proof. Since the product of any two distinct elements in F conjugate to o~\ is also 
conjugate to 01, so ifp is a subgroup. 

Suppose rank(F/ Hp) > 3, then there exists a rank 3 subgroup F' C F with 
= 1. For any 1 ^ x G F', G x = G U2 or G GZ has only two connected components, 
so rank(GQ fl F') > 2. Choose y G G$ — (x), then (x,y) is a toral Klein four 
subgroup of G. Then at least one of x,y,xy is conjugate to a±, which contradicts 
to Hpi = 1. □ 

7.1. Subgroups from E 6 . In 

G^((E 6 xU(l))/(( C) eT)).( u ), 

let ri, r 2 G E 6 be involutions with 

e^ 1 su(6) © sp(l), t T i so(10) © iR. 

Let 7/1,7/2 G Eg = F 4 be involutions with 

f^ 1 =5p(3) ©sp(l),ff =so(9), 

and let r 3 = u>, r 4 = 7/1 a;. Then Ti, r 2 , 2 Ti, o" 2 t 2 , r 3 , r 4 represent all conjugacy classes 
of involutions in G a2 except <r 2 . In G we have conjugacy relations 

T\ ~r 2 ~ <7i, cr 2 Ti ~0 3 ,0 2 r 2 ~0 2 , 

t 3 ~ 2 r 3 ~ 2 ,t 4 ~ 2 t 4 ~ 3 . 
Moreover, in G ai , we have conjugacy relations 

7/1 ~E 6 Ti,7/ 2 ~e 6 T2,7/ 2 W ~E 6 W. 

Recall that, we choose 2 = exp(ni H2+H 2 5+H7 ■ ) , g°" 2 has a simple root system 

{« 5 + ct6, ai, a 2 + CK4, a 3 , a 4 + a 5 , a 6 + a 7 }(Type E 6 ) 

we can choose T\ = exp(niH[) , r 2 = exp(ni(H' 5 + H' 7 )), then the conjugacy relations 
n ~ r 2 ~ 01, o" 2 ri ~ 3 , 2 r 2 ~ 2 are clear. 
Moreover, we have 

,n(X a — X_ a ) r n(X a5 — X_ a ) ,n(X a — X_ a ) 
oj = exp( ) exp( ) exp( ) 
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and we can choose rji = exp(7iiH[), then we get the conjugacy relations r 3 ~ cr 2 r 3 ~ 

0"2 and T4 ~ 2 T^ ~ O3. 

The conjugacy relations relations r/i Tl , r\ 2 ~s 6 r 2 , r/ 2 w ~_b 6 w are ob- 

tained from consideration in the group E§ x (a;), similar as the study of conju- 
gacy classes in Aut(e 6 )°" 3 in E 6 case, the elements r 1; r 2 , u, rjico, rji, r\ 2 correspond to 
cri,a 2 ,a 3 ,a^T 1 ,T 2 there. 

Let L±, L 2 , L3, L 4 be Klein four subgroups of E 6 of involution types (ti,ti,ti), 
(n,r 1 ,T 2 ), (ti,t 2 ,t 2 ), (t 2 ,t 2 ,t 2 ) respectively, then 

(c a /) Ll su(3) 2 © («) 3 , (e^ 2 su(4) © su(2) 2 © (z'M) 2 , 
(e^ 2 ) L3 su(5) © («) 3 , (e^ 2 ) L4 ^ 50(8) © (z'M) 3 . 

Lemma 7.3. In G, L\ ~ L3 ~ Fx an<i L 2 ~ L4 ~ F 2 . 

Proof. Since su(3) 2 © (iR) 3 ,su(5) © (2IR) 3 are not symmetric subalgebras of ef 2 = 
so(8)ffisu(2) 3 and su(4)©su(2) 2 ©(ilR) 2 ,so(8)ffi(iM) 3 are not symmetric subalgebras 
of tj 1 = su(6) © (-&1R) 2 , so Li, L 3 are conjugate to Fi in G and L 2 , L 4 are conjugate 
to F 2 in G. □ 

Let F G G = Aut(e7) be an elementary abelian 2-subgroup containing an element 
conjugate to a 2 , we may assume that a 2 G F, then 

FcG CT2 -((E 6 xU(l))/((c,e¥))x( w ), 

where c is a non-trivial central element of E 6 , c 3 = 1, u 2 = 1 and (c^ © zM)" = 
f 4 © 0. Let G U2 = (E 6 xl) x (a;) be the subgroup generated by E 6 (= E 6 xl) and 
bj. This definition of G ff2 is not quite canonical, another choice is to define it as 
(E 6 xl) x (a 2 uj), but these are conjugate since 

= w(l,-i)(l,-i)=a;(l,-l) 
= tua 2 . 

and so they are equivalent, 

Lemma 7.4. For an elementary abelian 2-group F d G = Aut(e7) contains o 2 , in 
the inclusion F C G a2 = ((E 6 x U(l))/((c, e^)) x (w), we /mve H F = Fn E 6 . 

Moreover, the map m : if^ x ifp — >• {±1} is equal to the the similar map when 
H F is viewed as a subgroup o/E 6 (or E 6 / (c) = Int(e 6 ) ). 

Proof. Hp = Fr\~Ej§ follows from the comparison of conjugacy classes of involutions 
in G° 2 and in G. The two maps m are equal follows from Lemma 17.31 □ 

We have a 3- fold covering n : G a2 — )■ Aut(e 6 ) and an inclusion p : G a2 — )■ G U2 . 
For any elementary abelian 2-subgroup K of Aut(e 6 ), pijt^K) x (a 2 ) is the direct 
product of its unique Sylow 2 subgroup F and ((c, 1)). Let 

{F r , s : r < 2, s < 3}, {F^ : r < 2, s < 3}, 

{F eAr>s : e + 8 < l,r + s < 2}, 

{F^ r y.e + 8<l,r + s<2,s>l} 

be elementary abelian 2 subgroups of G" 72 C G obtained from the subgroups of 
Aut(ee) with the corresponding notation in this way. 
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Proposition 7.5. Any elementary abelian 2-subgroup of G with an element conju- 
gate to a 2 is conjugate to one of F r>s , F' r s , F e j, r ,s, F^ Srs . 

Proof. We may assume that a 2 G F, then F C G a2 = ((E 6 xU(l))/((c,e^r)) x (u). 

When rank(F/ifi?) = 2, we may assume that co G F or T4 = r^io; G -F, then 
F C (E 6 x(w)) x (cr 2 ). When rank(F/if F ) = 1, we have F C F 6 x (cr 2 ). The 
conclusion follows from the classification in Eg case (Propositions I5T21 and 16.4]) . □ 

Proposition 7.6. The four families have the following characterization, so sub- 
groups in different families are not conjugate to each other. 

(1) F is conjugate to some F r>s if and only if F contains a subgroup conjugate 
to T 6 ; 

(2) F is conjugate to some F r ' s if and only if rank(F/ Hp) = 1, F contains an 
element x conjugate to a 2 and H x is a subgroup; 

(3) F is conjugate to some F ej g jrjS if and only if i&nk(F / Hp) = 2, F contains an 
element conjugate to a 2 but contains no subgroups conjugate to r 6 ; 

(4) F is conjugate to some F' eSrs if and only if rank(F '/ 'H p) = 1, F contains an 
element conjugate to a 2 and H x is not a subgroup. 

Proof. (1) and (3) are clear. (2) and (4) follow from the comparison of conjugacy 
classes of involutions in G a2 and G and the classification of elementary abelian 
2- subgroups of Int(ee) (Propositions 16.21 and I6.4p . □ 

We make a remark here, for subgroups in case (2) and (4), if one H x (x G F with 
x ~ a 2 ) is an subgroup, then any other H x r (x' G F with x' ~ a 2 ) is an subgroup 
(happens in Case (2)); conversely, if one H x (x G F with x ~ a 2 ) is not an subgroup, 
then any other H x i (x' G F with x' ~ a 2 ) is not an subgroup. 

Proposition 7.7. We have the following formulas for Ta.nk.Ap and defeF. 

(1) For F = F^ s , r < 2, s < 3, mnkAp = r, defeF = 3 • 2 r (2 - 2 s ); 

(2) For F = Fl >s , r < 2, s < 3, rankA F = r, defeF = 2 r (2 - 2 s ); 

(3) For F = F eAr ,s, e + 5 < 1, r + s < 2, r&nkAp = r, defeF = (1 - 
t){—l) 5 2 r+s+ ^ — 2 1+r+<E+2s+2<5 • 

(4) For F = F' eSrs , e + 8<l, r + s<2, s>l, rankA F = r, defeF = 
(1 -e)(-l) 5 2 ; + s+5 . 

Proof. These follows from Lemma 17.41 and Proposition 16.61 □ 

By Propositions 17.61 and 17.71 any two of {F r)S }, {F r ' s }, {F e ^ rtS }, {F^ Srs } are 
non-conjugate. 

7.2. Subgroups from SU(8) or SO(8). We have 

G^ = (SU(8)/(z/» x 



2 - 1, « 3 )" = sp(4), and p S A 4 (C 8 ). Let n = [/ 2)6 ] and r 2 = [I 4 , 4 ]. 
Let co = to ( _° /4 q 4 } , then w 2 = 1 and (SU(8)/(z/)) w ° = (SO(8)/(-J» x (cr 3 ). 
In (SU(8)/( 4 7))S* = SO(8)/<-i),let 



/, 



1 



m = [ _j 4 o ] , V2 = [ T . )■ 'I* 
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V4 



( _/ x 3 ) ' where Jl ' 3 = dia g{ -1 ' !> !» Let r 3 = w o, r 4 = ?7i^o- 



Then ri, T2, (73T1, (T3T2, T3, T4, (73X4 represent all conjugacy classes of involutions in 
G" 73 except 03 = and we have conjugacy relations in G, 

n ~ r 2 ~ (Ti, <7 3 Ti ~ <7 2 , o" 3 t 2 ~ 0-3, 

r 3 ~ (J 3 ,T4 ~ o r 2,r 4 o- 3 ~ a 3 . 

The conjugacy relations T\ ~ r 2 ~ 01, ct" 3 ti ~ (X 2 , 0-3T2 ~ o"3 are obtained by 
calculating dimuo for all relevant a. Since T4 = wo^i = so T4 ~ (j 2 . Since 
r 4 (T 3 = cj(j 3 = wa 2 exp(7r«i/{), w, a 2 are in the subgroup generated by roots a 2 , 0:5, 0:7, 
which are perpendicular to each other, and also perpendicular to ai, so 

7403 — W(T 2 exp(7riiJ{) ~ <j 2 exp(7riiJ{) = <t 3 . 

Let be the action of G CT3 (SU(8)/(i/)) x (w) on p = A 4 (C 8 ), for any X e SU(8), 

0(wo)-V([^])0W = ^[XPo) = <f>([X}), 

Then 0(o; o ) maps the weight space of any weight A to the weight space of weight 
—A. As A 4 (C 8 ) has no zero-weight, so dimp w = idimp = 35. Then dimuQ = 
28 + 35 = 63, so r 3 = u ~ a 3 . 

Moreover, in G U3 , we have i] 3 ~g ct 3 t±, 

f]\ ~G CT 3 1]2 ~G CT 3 Tji ~G CT 3 T 2 , 
^2^0 ~G CT 3 773^0 ~G CT 3 W = T 3 , 
^4^0 ~G CT 3 ^1^003 = ^402 • 

These conjugacy relations are obtained from consideration in the classical group 
(SU(8)/ (il)) x (wo). We show r/^uo ~g ct 3 ^1^003 here, which is the most complicated 
one among them. Let y = e~ diag{7 7 , -1} G SU(8)/(iJ), then 

-1 -1 =zi 
= fj^oy y = rixUjQe * 

= ?7iWoa 2 , 

in the last equality we use e~^I = (e 2 ?/)(i/)~ 1 = e^I = <r 3 in SU(8)/(i/). 



Let 



-h \ o 4 h 
u )\h o 4 

M 2 = (diag{-/ 4 ,/ 4 },diag{-/ 2 ,/ 2 , -I 2 ,I 2 }), 
then (e^ 3 ) Ml = su(4) and (e^ 3 ) Ma = (sp(l)) 4 © («) 3 . 

Lemma 7.8. In G, M x ~ F 1 and M 2 ~ F 2 . 

Proof. Since su(4) is not a symmetric subalgebra of ef 2 = 50(8) © (5p(l)) 3 and 
(<5p(l)) 4 © (iR) 3 is not a symmetric subalgebra of ef 1 = su(6) © («) 2 , so Mi ~ Fi, 
M 2 ~ F 2 . □ 

When o- 3 E F, F C G" 73 (SU(8)/(i/» x (w >, where ^ = 1 and 511(8)"° = 50(8). 
If F has no elements conjugate to a 2 , from the description of conjugacy classes 
of involutions in (G a3 ) = SU(8)/(i/), we have x ~ r 2 = diag{— h, h} for any 
l^xeH F . 
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Lemma 7.9. For an elementary abelian 2-group F C G = Aut(cr) contains 03 and 
without elements conjugate to 2; in the inclusion F C G a:i = (SU(8)/(i/)) x (coq), 
Hp C SU(8)/(z/), and the homomorphism 

H F — >• SU(8)/(zI,0 3 ) = SU(8)/(— ^1) = PSU(8) 

v2 

zs injective. Moreover, the map m : Hp x ifp — >• {±1} is equal to the similar map 
when Hp is viewed as a subgroup of SU(8)/(^7) = PSU(8). 

Proof. Hp C SU(8)/ (il) since any involution in u SU(8)/ (il) is conjugate to 2 or 
03. For any involution x G Fn (SU(8)/(i/)), exactly one of x,xos is conjugate to 
01, so the map iff — )■ PSU(8) is injective. The two maps m are equal follows from 

□ 



Lemma 17.81 

When rank(F/H F ) = 1, F C (G^o = SU(8)/(iJ). Let ^ = diag{-/ 4 , / 4 }, 
I/2 = diag{-/ 2 ,/ 2 , -h,h},y3 = diag{-l, 1, -1, 1, -1, 1, -1, 1}, 
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03,2/1,2/2, -,2/r+ s ,2/4, -,2/3+s}- One has 



For each (r, s) with r + s < 3, let F r " s 
A F ii 3 = ker m = (yi, ...,y r ) , so these F" s are not conjugate to each other. 
When ra.nk(F/Hp) = 2, we may assume that uq £ F, then 

F c (G" 73 )" = (SO(8)/(-/» x (a 3 ,u ). 

Let xi = diag{-/ 4 , J 4 }, x 2 = diag{-/ 2 , J 2 , -I 2 , J 2 }, 

x 3 = diag{-l, 1, -1, 1, -1, 1, -1, 1}. 

For each r < 3, let F' r = (a 2 , co , xi, ■ ■ • , x r ). 

Proposition 7.10. For an elementary abelian 2-group F C G, if F contains an 
element conjugate to 03 but contains no elements conjugate to 2 , then F is conju- 
gate to one of {F" s : r + s < 3}, : r < 3}. Any two groups in {F" s }, {F^.} are 
non- conjugate, rank Apu = remkApi = r. 

Proof. For the first statement, we may assume that 03 £ F, then 

F c G as = (SU(8)/<iI» x (u ). 

When Y&nk(F/H F ) — 1, F C Gq 3 = SU(8)/(zJ). As F has no elements con- 
jugate to 2 , any element of F is conjugate to r 2 or 3 r 2 in SU(8)/(zi), where 
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t 2 = ( 4 T I . Then F ~ F" s for some r, s > with r + s < 3 by Subsection 



r,s 

When rank(F/ifp') = 2, we may assume that u G F as well, then 
F c (G CT T° = (S0(8)/(-/» x (as, wo). 

We have ifp = F fl SO(8)/(— 7) and any involution in F is conjugate to r\ 2 = 
diag{— J 4 , J 4 } in SO(8)/ (—1). Then F ~ for some r < 3 by Subsection 12.41 

By Lemma l?T9| we get rankAp^ = rankApv = r. By this, we get any two groups 
in {F" s }, {F{.} are non-conjugate. □ 

7.3. Pure o\ subgroups. A subgroup F of Aut(e7) is called a pure <Ji subgroup if 
all of its non-trivial elements are conjugate to o~\ in Aut(e 7 ). 

For cti, G ai ^ (Spin(12) x Sp(l))/((c, 1), (-c, -1)) where c = eie 2 ...e 12 , and 
p = M + © C 2 . (eie 2 e 3 e 4 , 1), (eie 2 ,i), (eie2e 3 e4e 5 e 6 , i), (11,1), (II, —1) represent the 
conjugacy classes of involutions in G ai except <j\ = (1, —1), where 

n _ 1 + e x e 2 1 + e 3 e 4 1 + e 5 e 6 1 + e 7 e 8 1 + e 9 e w 1 + engig j n d2) 
~ V2 \/2 a/2 a/2 \/2 PH 

And in G, we have (eie2e3e4, 1) ~ a%, (eillei,z) ~ 01, 

(eie 2 , i) ~ cr 2 , (eie 2 e 3 e 4 e 5 e 6 , i) ~ cx 3 , 

(n,l) ~£r 2 , (11,-1) ~<t 3 . 
The identification of conjugacy classes is by calculating Uq from the consideration 
of weights of M + as an Spin(12) module. 

Let K x = ((eiile^ 1 , i), (eilTe^ 1 , j)), K 2 = ((eie 2 e 3 e 4 , 1), (e 5 e 6 e 7 e 8 , 1)), 

K 3 = ((eilie^ 1 , i), (-eie 2 e 3 e 4 , 1)), K 4 = ((eiLle^ 1 , i), (eie 2 e 3 e 4 , 1)), 
K 5 = ((eie 2 e 3 e 4 , 1), (eie 2 e 5 e 6 , 1)), 



where 

, _ 1 + e x e 3 1 + e 4 e 2 1 + e 5 e 7 1 + e 8 e 6 1 + e 9 e n 1 + e 12 eio 
\/2 y/2 \/2 \/2 y/2 \/2 
Lemma 7.11. We /mue n 2 = n' 2 = [II, IT] = c. 

Proof. II 2 = IT 2 = c is clear. Calculation show 

, _ 1 + eie 4 1 + e 2 e 3 1 + e 5 e 8 1 + e 6 e 7 1 + e 9 e 12 1 + e w e u 
~ \/2 \/2 \/2 \/2 \/2 y/2 ' 

so (niT) 2 = c. Then pi, IT] = nnTr 1 iT- 1 = nir(cii)(ciT) = (nn') 2 = c. □ 

Lemma 7.12. In G, K\ ~ K s ~ F 5 ~ Ti and K 2 ~ K 4 ~ T 2 . 

Proo/. Since (uq 1 )^ = sp(3) is not a symmetric subgroup of Uq 2 = so(8) © (sp(l)) 2 
and (tj 1 )^ = (sp(l)) 7 is not a symmetric subgroup of uj, 1 = su(6) © (£R) 2 , we get 

K\ ~ Ti, /r 2 ~ r 2 . 

For a Cartan subalgebra f)o of e 7 , we may assume that U\ = exp^ii^). Then Q ai 
has a simple root system 

{a 2 , a 4 , Qt 5 , a 6 , /3, a 7 }(Type D 6 ) | |{cti}, 
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where (3 = a,\ + 2o 3 + 2o 4 + 0:2 + 05. By identifying conjugacy (classes of) elements 
in exp(f)o) and in Spin(12) x Sp(l)/ ((c, 1), (— c, —1)), we get the conjugacy relations, 

(exp(TciH[),exp(iriH' 3 ),exp(iTiH' 2 )) ~ {a x , (exile] -1 , i), eie 2 e 3 e 4 ) 

and 

(exp(7riH' 1 ) } exp(TTiH / 2 ),exp(TTiH' 4 )) ~ (er 1; eie 2 e 3 e 4 , eie 2 e 5 e 6 ). 
Then we have K 3 ~ if 5 ~ r 1; ~ T 2 . □ 

Lemma 7.13. In Spin(12), n ~ II -1 , n / -II, and II / idFIe^ 1 . 

Proof. We have (eie3e 5 e 7 e9eii)n(eie3e5e 7 e9eii) _1 = II -1 , so II ~ II -1 . Since 

S0(12)^ = {ge Spin(12)|^- 1 = ±n}/(-l), 

where -1 G G Spin(12)|^- 1 = n}, S0(12)^ n ) = U(6) is connected implies 
II rjL _n. We have tt(II) = J 6 G S0(12) and T^ieine^ 1 ) = h,n Je^iv Since 
Jg 7^so(i2) ^1,11^6-^11, so II 7^s P in(i2) ieille^ 1 . □ 

Lemma 7.14. We have Aut(e 7 ) ri = (Aut(e 7 ) ri ) x ((eill'ei, 3)) and 

(Aut(e 7 ) ri ) = (SU(6) x U(l) x U(l))/((o;J, u~\ 1), (-/, 1, 1)). 

Proof. First we calculate Spin(12) n . We have 

S0(12)^) = U(6) = (SU(6) x U(l))/(7 ? /,^ 1 ), 

r] = ef. Then Spin(12) n = (SU(6) x A)/Z, where 

A = { Y[ (cos9 + sm6e 2j -ie 2j ) :flel} = U(l) 

l<jleq6 

and Z C Z(SU(6)) x A. The isomorphism U(l) = A maps -1 G U(l) to c G A, 
and tt(c) = -J G SO(12), so 

7T : Spin(12) n — + S0(12)" (n) 

is an isomorphism when it is restricted to SU(12) or A. 

We show that — c G SU(6) C Spin(12) n . For this, we first just look at the case 
of n = 4, for n = 1+ ^ ea 1+ ^| £4 G Spin(4) with njj = co = eie 2 e 3 e 4 . We have an 
isomorphism Spin(4) = Sp(l) x Sp(l), which maps —1 G Spin(4) to (—1,-1) G 
Sp(l) x Sp(l), maps c G Spin(4) to (-1,1) G Sp(l) x Sp(l). Then n G Spin(4) 
is mapped to (i, 1) G Sp(l) x Sp(l) (or (i, -1) G Sp(l) x Sp(l)). As (Sp(l) x 
Sp(l))( 1,=tl ) = U(l) x Sp(l), so (1,-1) is in the semisimple part Sp(l) of it. Then 
-c G Spin(4) in the SU(2) part of Spin(4) n . 

As II is in block form, so — c G SU(6) C Spin(12) n as well. Since (— c)c = -1 ^ 
1 G Spin(12), tt(— 1) = 1, and tt is a 2-fold covering, so 

Spin(12) n = (SU(6) x U(l))/((u;/,^ 1 )) 

when we identify A = U(l). By Lemma 17.131 (and Steinberg 's theorem), we get 
Aut(e 7 ) Fl = Aut(e 7 ) ri ) ((eilTei,j)). The description (Aut(e 7 ) ri ) follows from the 
description of Spin(12) n as above. □ 



32 



JUN YU 



In G U1 = Spin(12)xSp(l)/((c, 1), (-c, -1)), let H x = (a u ( ei IIer\ i), {e x We{\ j)>, 

#2 = (fi, (eie 2 e 3 e 4 , 1), (e 5 e 6 e 7 e 8 , 1)), H 3 = (a h (eiHe^ 1 , i), (eie 2 e 3 e 4 , 1)). 

Then any Klein four subgroup of Hi is conjugate to F\, any Klein four subgroup of 
H 2 is conjugate to F 2 , a Klein four subgroup of H 3 is conjugate to F 2 if and only if 
it contains (eie^e^, 1), otherwise it is conjugate to F\. 

Lemma 7.15. G Hl = (Sp(3)/(— /)) x Hi, and involutions F i2 , U G Sp(3)/(— I) are 
conjugate to 01,02 in Aut(c7). 

Proof. G Hl = (Sp(3)/(— /)) x Hi follows from Lemma [7. 141 and the fact 

su(6) ein ' e ^ =5p(3). 

A little more calculation by following the chain Sp(3) C SU(6) C SO(12) shows, 
h, 2, H G Sp(3) are conjugate to eie 2 e 3 e4, II in Spin(12). Then J 12 , il are conjugate 
to 0i,02 in Aut(cy). □ 

Lemma 7.16. Any rank 3 elementary abelian 2 pure o~i subgroup of G is conjugate 
to one of Hi, H 2 , H 3 . 

Proof. For a rank 3 pure o~i elementary abelian 2-subgroup F of G, we may assume 
that 0i G F. Then F C G ai = Spin(12) x Sp(l)/((c, 1), (-c, -1)) and any element 
of F — {1, 0i } is conjugate to (eiHe^ 1 , i) or (eie^e^ 1). 

When any Klein four subgroup of F is conjugate to Yi, we have F ~ Hi by 
Lemma [7. 121 When any Klein four subgroup of F is conjugate to T 2 , similarly we 
have F ~ H 2 by Lemma \7. 121 For the remaining cases, it is clear that F ~ H 3 . □ 

We have defined subgroups {F r ^ s : r < 2, s < 3} and {F" s : r + s < 3} in the last 
two subsections. F rjS contains a subgroup conjugate to Fq, rank(F" s / Hf;> s ) = 1 and 
F" s doesn't contain any element conjugate to 2 . For any (r, s) with r + s < 3, let 

FZ = H P » im = {l}U{zeF? f ,\x~v 1 y t 

for any r < 2, let 

F; = H Frfl = {1} U {x G F r>3 \x ~ 01}. 

Lemma 7.17. y4ny pwre 01 elementary abelian 2-group F d G is conjugate to F" +3 
for some r < 2 or F"' s for some (r, s) with r + s < 3. 

Proof. When F contains a subgroup conjugate to Hi, we may assume that Hi C F, 
then 

F C = ( G -i)(eine 1) i),(e 1 ri'e 1 j) ^ (Sp(3)/( _ /)) x ( aif (ei n ei , i), ( ei n'ei, j)}. 

Since F is pure 01, so any non-identity element of Ffl (Sp(3)/ (— J)) is conjugate to 
Ji j2 in Sp(3)/ (— J). Then Ffl (Sp(3)/ (— J)) is conjugate to a subgroup of (/ 2 ,i, -^1,2), 
which is a subgroup of (if, j/, J 2j i, /i, 2 ). Non-identity elements of (i/,jJ) are all 
conjugate to 2 in G, so F is conjugate to some H Frs = {1} U {x G F r s |x ~ 01}. 
Since Hi C F, we have s = 3. Then F is conjugate to F". 

If F doesn't contain any subgroup conjugate to Hi but contains a subgroup 
conjugate to Ti, we may assume that 01, (eille^ 1 ,!) G F. Since F doesn't contain 
any subgroup conjugate to H\, so 

F C (G-)^" - (SU(6) x U(l) x U(l))/((e¥, e ¥, 1), (_/, 1, 1)). 
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Since F is pure o"i, we have F = (F PI SU(6)/(— I}) x (cr 1; (eille^ 1 , i)) and any 
element in FflSU(6)/ (— I) is conjugate to J 2 ,4- Then F is toral. If F doesn't contain 
any subgroup conjugate to r 1; then any Klein four subgroup of F is conjugate to 
T 2 . When rank(F) > 3, we may assume that H 2 C F. There are no elements 
x G {G ai ) H2 — H 2 such that any Klein four subgroup of (x,H 2 ) is conjugate to 
T 2 , so rank(F) < 3. Then F is conjugate to one of 1, (o"i),r 2 ,F 2 , so F is toral. 
For a toral and pure o\ subgroup F, there exists a Cartan subalgebra f)o so that 
F C exp(f)o). Choose a Chevelley involution 9 of t-j with respect to f)o- Then 
F' = (F, 9) satisfies Res(F' /Hp>) = 1 and any involution in F 1 — Hf> is conjugate to 
cr 3 . Then F' is conjugate to F" s for some (r, s) with r + s < 3. Thus F is conjugate 
toF"' □ 



r,s ' 



Proposition 7.18. For any r + s < 3, rank Af;" s — ?7 / or ony r < 2, rank Ap» = r. 
v4n?/ two groups in {F"' s : r + s < 3}, {F" : r < 2} are non- conjugate. 

Proof. By Propositions 17.71 and 17. 101 we get rankApw = r and rankAp" = r. Then 
any two groups in {F"' s : r + s < 3},{F r " : r < 2} are non-conjugate. □ 

7.4. Automizer groups and inclusion relations. 

Proposition 7.19. For an isomorphism f : F — > F' between two elementary 
abelian 2-subgroups ofG, if f(x) ~ x for any x G F and rriF'(f(x), f(y)) = mp^x.y) 
for any x, y G t/ien / = Ad(g) /or some g G G. 

Proof. When F contains an element conjugate to a 2 , we may assume that o 2 G FflF' 
and /(o- 2 ) = o- 2 , then F, F' C G" 72 = (w) x ((E 6 x U(l))/((c, e¥)). From the 
description of conjugacy classes of elements in G a2 , we get f(x) ~g ct 2 x for any 
x G F by the assumption in the proposition. Then / = Ad(g) for some g G G " 2 by 
Proposition 16.71 

When rank(F/i7^) = 1 and F contains no elements conjugate to o 2 , we may 
assume that o 3 G F n F' and /(o 3 ) = o 3 , then F,F' C G ff3 ^ (u ) x (SU(8)/(i/)) 
and any element in (F U F') — (o 3 ) is conjugate to J 4j 4. Since the function m on 
Hp x F^p and Hp/ x Fp^ is identical to the anti-symmetric bilinear form when 
Hf,Hf> are seen as subgroups of PU(8). Then / = Ad(g) for some g G G a:i by 
Proposition 12.241 

When rank(F/F^) = 2 and F contains no elements conjugate to o 2 , we may 
assume that o 3 ,w G F, then F,F' C (G CT3 ) W ° = SO(8)/(-J) and any element in 
(F U F') - (o 3 , w ) is conjugate to / 4>4 . Then / = Ad(g) for some g G (G CT3 ) W ° by 
Proposition 12.241 

When F is pure oi, we get the conclusion by the considering the preserving of 
mFiVapi under /. □ 

Proposition 7.20. We have the following description for Automizer groups, 

(1) r < 2, s < 3, W{F r>s ) Hom(F2,F0 x (GL(2,F 2 ) x F(r,s,F 2 )); 

(2) r < 2, s < 3, ^(F;.J =F ? 2 x F(r, S ,F 2 ); 

(3) e + <5 < 1, r + s < 2, 

W(F e , 5iriS ) = (F^ 2s+e+25+1 x Hom(F^ 25+2s+1 ,F r 2 )) x (GL(r, F 2 ) x Sp(5 + s;e)). 



34 JUN YU 

(4) e + 5 < 1, r + s < 2, 

W(F' eA J = Hom(F^ 25+2s +\F^) x (GL(r,F 2 ) x Sp(6 + s;e)). 

(5) r + s < 3, W(F^) (F T 2 + 2s x Hom(F 2s , F?,)) x (GL(r, F 2 ) x Sp(s)); 

(6) r < 3, ='Hom(F 2 ,F^) x (GL(r,F 2 ) x GL(2,F 2 ))/ 

(7) r + s < 3, W(F;," s ) = Hom(F 2s ,F£) x (GL(r,F 2 ) x Sp(s)); 

(8) r<2, W{F») = P(r,3,F 2 ). 

Proof. By Proposition l7.19[ we need to find automorphisms of F preserves conjugacy 
classes of involutions and the form m on Hp. 

We prove (4). Let F = F' e 5 r s . F has a decomposition F = A F x F' with A F — W 2 
the translation subgroup and F' ~ F' eSQs . By Proposition I7.19[ we have 

W{F) = Hom(F', Ap) x (GL(r,F 2 ) x W{F')). 

So we only need to show in the case the r = 0. Assume r = from now on. 

Any element in W(F) preserves the symplectic form m on Hp. Since rankker m = 
e, so we have a homomorphism p : W(F) — > Sp(<5 + s; e). We show this homomor- 
phism is an isomorphism, which finishes the proof. 

For any / : F — > F with f\H F = 1, since F = Hp x (z) with z ~ <7 2 , let 
/(z) = 2a;o for some x$ G i/^. The for any x G Hp, f(zx) = zxxo, so zx ~ zx^o- 
This just said x G Ap. Since we assume r = (equivalent to Ap — 1), so xo = 1 
and / = id. Then p is injective. 

By Proposition 17.191 W(F) permutes transitively elements in F conjugate to a 2 . 
There are 

n25+2s+e _i_ / 1 At _ 1 ^<5o<=+<5+s 

+U 2 ejl lj = 2 s +< 5 - 1 (2 s+<5+e + (1 - e)(-l) 5 2 £ ) 

such elements. It is clear that the stabilizer of W(F) at z is Sp(s; 0, 5). So 

\W(F)\ = \Sp(s;e,5)\2 s+s - 1 (2 s+5+e + (1 - e)(-l) s 2 e ). 

By Propositions l2.31l and l2.32l this is also equal to | Sp(s+5; e) | . Then p is surjective. 
(3) follows from (4) immediately. 

For the other case, we just use the fact "rank Ap = r" and the form "m on Hp/Ap 
is non-degenerate" in these cases. □ 

We still have the following containment relations, 

p/ff f- pi pi" f- pi i pn f- p 

r e+r,d+s r e,8,r,si r e+r,8+s ^- r e+r,8+si r e+r,8+s ^- r e,8,r,s, 
Fr+s+8 ^ Fe,8,r,sj ^ -^r,3' 

together with those obvious relations, they consist in all containment relations (in 
the sense of conjugacy) between these subgroups 

8. E 8 

Let G = E§ = Aut(eg), which has two conjugacy classes of involutions (with 
representatives cri,<r 2 ), we have 

G^ - (E 7 x Sp(l))/((c, -1)), G^ - Spin(16)/(c'), 

where c is the unique non-trivial central element of E-j, d = eie 2 ...ei6- 
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There are four conjugacy classes of Klein four subgroups in G with involution 
types as 

r\ : (<7i,<7i,(7i), T 2 : (<7i,(7i,<7 2 ), T 3 : (a 1 , a 2 , cr 2 ), T 4 : (a 2 , cr 2 , o 2 ). 

In G " 1 = (E 7 x Sp(l))/((c, — 1)), let 771,772 £ E7 be involutions such that there 
exists Klein four groups F, F' C E 7 with non-identity elements all conjugate to 771 
or r] 2 respectively and ef = su(6) © (iM) 2 , ef = so (8) © (sp(l)) 3 , then cr/i ~£ 7 772, 
C7/2 ~£ 7 Vi- Let Ti = (771, 1), r 2 = (772, 1) G G CT1 , then n ~ <7i and r 2 ~ <t 2 - 

Let 773,7/4 G E 7 be involutions with r\\ = r\\ = c and e? 3 = e 6 © iR, e? 4 = su(8). 
Then C773 ~ E? 773, C77 4 ~ E? 7/4. Let r 3 = (7/3, i), r 4 = (7/4, i), then r 3 ~ a x and r 4 ~ a 2 . 

Then Ti,T2,t 3 ,t 4 represent all conjugacy classes of involutions in G CT1 except o\. 

The relations C771 ~e 7 772, cr\ 2 ~e 7 771, C7/ 3 ~e 7 773, C774 ~e 7 774 are known from 
understanding of involutions in E 7 and in E 7 / (c) = Aut(e 7 ). 

Since U\ = exp(mH' 1 ), 

{a$, {3 — ai + 2a 3 + 2a 4 + a 2 + a 5 , ct 7 , cc 6 , a 5 , a 4 , a 2 }(Type E 7 ) |_|{o;i} 

is a simple system of g ui . We may choose 771,772,773,774 such that T\ = exp(iriH' 8 ), 
r 2 = exp(ni(H 8 + H' 2 )), r 3 = exp(7ri(Ff 3 + # 4 )), r 4 = exp(7n(# 3 + H' A + H' % )), then 

7"i ~ 0"l,T"2 ~ 02, T3 ~ 01, ^ ~ °"2- 

For cr 2 , G" 72 = Spin(16)/(c) and p = M+, 2 = -1. Let n = eie 2 e 3 e 4 , r 2 = 
eie 2 e 3 ...e 8 , r 3 = IT, r 4 = —II, where 

_ 1 + eie 2 1 + e 3 e 4 1 + ei 5 ei 6 

Then Ti,T2,r3,T4 represent all conjugacy classes of involutions in G CT1 except cr 2 . 

In G, we have t± ~ r 3 ~ a"i, r 2 ~ r 4 ~ cr 2 . These are obtained from calculating 
various dim tig. 

And in G°" 2 , we have 

02' 7 i ~g ct 2 Ti, o" 2 r 2 ~g ct 2 r 2 , 

&2T3 ~G CT 2 T 4 , (T2T 4 ~G CT 2 r 3 . 

These are clear in Spin(16)/(c). 

For any x G F with x ~ o"i, let H x = {y E F\xy y}. 

Definition 8.1. Let 

iJ F := ({if s :iGF,i~ 01}) = ({x : x G F, x ~ 01}). 

Lemma 8.2. For any x wit/j x ~ Oi ; if s a subgroup and rank(F/ H x ) < 2. 

Proof. We may assume that x = o"i, then F C G ai = E 7 x Sp(l)/ ((c, —1)). For an 
element y G F C G CTl with y 2 = 1, a±y y if and only if y is conjugate to 1, 0"i, Ti, r 2 
in G CTl . Then it is also equivalent to y G E 7 C G CTl . So = F fl E 7 and it is a 
subgroup. Then F/H x C G ai / E 7 ^ Sp(l)/(-l), so rank(F/Ff :c ) < 2. □ 

For any x G F, define /x(x) = 1 if x ~ 02 or x = 1; /i(x) = — 1 if x ~ o"i. For any 
x, y G F, define m(x,y) = /x(x)/x(y)/x(xy). In general m is not a bilinear form. 
Define the translation subgroup 

Ap = {x G F|/i(x) = 1 and m(x, y) = 1 for any y G F} 
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and the defect index defe(F) = \{x G F : fi(x) = 1}\ — \{x G F : fi(x) = — 1}|. 
Definition 8.3. We call Res(F) := rank(F/F^p) the residual rank of F, and 

Res'(F) = max{rank(F/ H x )\x G F, x ~ o~i} 
t/ie second residual rank of F. 

Let X = Xp = {x G F\x ~ o"i}, define a graph with vertices set X by drawing 
an edge connecting x, y G X if and only if ~ a 2 . It is clear that this graph X is 
invariant under multiplication by elements in A F . Let 

Graph(F) = X F /A F 

be the quotient graph of the graph X F modulo the action of A F . 

8.1. Subgroups from E 6 . For an elementary abelian 2-group F C G, if F contains 
a subgroup conjugate to Ti, we may assume that Yi = (o~i, r 3 ) C F, then 

F C G ri = ((E 6 x U(l) x U(l))/((c, , 1))) „ 

where w 2 = 1, (e 6 © zR © iR)" = f 4 © © and r\ = ((1, -1, 1), (1, 1, -1)). 

Let Gti = E 6 XI (u) C G ri . We have a 3-fold covering 7r : Gr 1 — > Aut(e 6 ) 
and an inclusion p : G-p 1 C G ri . For an elementary abelian 2-subgroup F 1 of 
Aut(e 6 ), p(7r _1 (F')) x Ti is the direct product of its (unique) Sylow 2-subgroup F 
and ((c,l,l)). Let {F r , s : r < 2, s < 3}, {F^ : r < 2,s < 3}, {F eAp>a : e + 5 < 
l,r + s < 2}, {F' eSrs : e + 5 < l,r + s < 2, s > 1} be elementary abelian 2- 
subgroups of Eg obtained from elementary abelian 2-subgroups of Aut(ee) with the 
corresponding notation in this way. 

Let 6>i, 2 e E 6 be involutions with c^ 1 = su(6) © sp(l), t 9 6 2 = so(10) © iR, and let 
6» 3 = u, 4 G w£ 6 be involutions with e^ 3 = f 4 © © 0, e^ 4 = sp(4) © © 0. From the 
description of involution classes in G ai , we have 6\ ~ 03 ~ 0i, 02 ~ $4 ~ °2 and 

V(J G Fi — {1}, #i(X ~ 4 (X ~ (T2, 02O" ~ 03 CT ~ 01. 

Noe that, F^g contains a rank 3 pure 01 subgroup, actually it is conjugate to F r;2 . 

Proposition 8.4. For an elementary abelian 2-group F C Eg, z/ F contains a 
subgroup conjugate to Y\, then F is conjugate to one of {F rjS : r < 2, s < 3}, {F r ' s : 
r < 2, s < 2}, {F eArjS : e + 5 < 1, r + s < 2}, {F' tSrs : e + 5 < l,r + s < 2, s > 1} . 

Proof. The proof is similar as that for Proposition 17.51 □ 

Proposition 8.5. We have the following formulas for Res F, Res' F, rank A F , defe F, 

1. For F = F ns; r < 2, s < 3, (Res F, Res' F) = (0,2), rankA F = r, defeF = 
3 . 2 r+1 (2 s - 2); 

2. For F = F r ' s , r < 2, s < 2, (Res F, Res' F) = (0, 1), rankA F = r, defeF = 
2 r+1 (2 s - 2); 

3. For F = F eSrs , e + S <1, r + s <2, (Res F, Res' F) = (1,2), rankA F = r, 

defeF = (1 - e )(_ 1 )5+l 2 r'+ S +<5+l + 2^+25+2 S . 

4. For F = F e ' Ars , e + 5 < 1, r + s < 2, s > 1, (Res F, Res' F) = (0,1), 
rankA F = r, defeF = (1 - e)(-l) 5+1 2 r+s+5+1 . 

F/ie arotips {F r , s : r < 2, s < 3}, {F' rs : r < 2, s < 2}, {F,,^ :e + <5<l,r + s< 
2}; {-^',5^,5 :e + 5<l,r + s<2, s>l} are pairwise non- conjugate. 
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Proof. The formulas in the first statement follow from the construction of these 
subgroups. 

For the second statement, (Res F, Res' F) distinguish most of them except for 
some possible pairs (F{., s ,, F^ s ). Suppose some pair (F^., ,, F^ s ) is conjugate. 
From the formulas in the first statement, we have r' — r (by A F ), s'—l = (1— e)(— l) 5 
(by the sign of defeF) and s' = 2s + 25 + e (by rank F/A F ). Since s' < 2 and s > 1, 
the last equality implies e — 8 — 0, s — 1 and s' — 2. Then the second equality 
implies s' — l. We have a contradiction. □ 

8.2. Other subgroups. In G ai = (E 7 x Sp(l))/((c, -1)), choose x b x 2 G E 7 with 
xi ~ x 2 ~ Xix 2 ~ r 4 , then (G CT1 ) X1 ' X2 = SO(8)/(-J) x (a 1 ,x 1 ,x 2 ). Let ^ = 
diag{-/ 4 , 1 4 }, z 2 = diag{-/ 2 , h, ~h, h}, z 3 = diag{-l, 1, -1, 1, -1, 1, -1,1}. De- 
fine 

F"s = (zi,--- ,z r ,a u x ir -- ,x s ) 

for any r < 3, s < 2, 

In G a2 = Spin(16)/ (c), c = eie 2 • • • e 16 , let y\ — a± — —1, 

2/2 = eie 2 e 3 e4e5e 6 e 7 e 8 ,?/3 = eie 2 e 3 e4e 9 eioeiiei 2 , 
V\ = eie 2 e 5 e 6 e 9 eioei3ei4,?/ 5 = eie 3 e 5 e 7 e9eiiei 3 ei5. 
Define F' r = (yi, • • • , y r ) for any r < 5. 

Lemma 8.6. For an elementary abelian 2-group F G G, if F contains no Klein 
four subgroup conjugate to Ti, but contains an element conjugate to <j\, then 

ranki/p/ ' Ap = 1. 

Proof. Recall that, Hp is a subgroup of F generated by elemnts conjugate to o\. 
Let Y F = {x G Hp : x ~ cr 2 } U {1}, we show that Ap = Y F in this case. 

Choose any x G F with Xo ~ <Ti. For any other x G F with x ~ 0"i, since F 
contains no Klein four subgroup conjugate to Ti, so xx ~ o 2 - Then x G if Xo . By 
this, we know Hp C H XQ , so ff Xo = Hp as the containment relation in the converse 
direction is obvious. Similarly H x = Hp for any x £ F with x ~ 0\. Then for any 
distinct y 1: y 2 G F F (yi ~ y 2 ~ cr 2 ), yiy 2 ~ cr 2 . So F F is a subgroup of 

Then it is clear that Y F = Ap. So rank Hp j Ap = rank Hp /Y F = 1. □ 

Lemma 8.7. For an elementary abelian 2-group F C G, if F contains no Klein 
four subgroup conjugate to Ti, then F is conjugate to one of {F" s : r < 3, s < 
2},{F r ':r<5}. 

Proof. When F contains no Klein four subgroup conjugate to Ti, but contains an 
element conjugate to <Ti, we may assume that <7i G F. Then 

FcG CTl -(E 7 xSp(l))/((c,-l)>. 

Modulo Sp(l), we get a homomorphism 

ti : F — ► E 7 /(c) = Aut(e 7 ). 

Since we assume F contains no Klein four subgroup conjugate to r 1; any el- 
ement in F — (o"i) is conjugate to T\ = (771, 1) , r 2 = (772, 1) or r 4 = (774, i) in 
(E 7 x Sp(l))/((c, — 1)), and any Klein for subgroup of FflE 7 has at least elment con- 
jugate to i] 2 . Then F' = vr(F) C Aut(e 7 ) contains no elemnts conjugate to 773, and 
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no Klein four subgroups whose fixed point subalgebra is isomorphic to su(6) © (iR) 2 . 
In the case of E7 (Section [7]), it corresponds to the elementary abelian 2-subgroup 
F' with no elements conjugate to a 2 and the map m on Hp/ is trivial. By Section 
[3 we get F ~ F" s for some (r, s) with r < 3, s < 2. 

When F is pure 02, we may assume that a 2 G F. Then F C G" 72 = Spin(16)/ (c) 
and any element in F — (a 2 ) is conjugate to eie2e3e4e5e6e7eg in Spin(16)/ (c). Then 
F ~ F' r for some r < 5. □ 

8.3. Involution types and Automizer groups. 

Proposition 8.8. For an isomorphism f : F — > F' between two elementary abelian 
2-subgroups of G, if f(x) ~ x for any x G F, then f = Ad(g) for some g EG. 

Proof. When F contains a Klein four subgroup conjugate to Fx, this reduces to the 
similar statement in Aut(ee) case. 

When F doesn't contain any Klein four subgroup conjugate to r 1; this is already 
showed in the proof of Lemma 18.71 □ 

Definition 8.9. For an elementary abelian 2-group F C G, we say F is the or- 
thogonal direct product of other subgroups K 1 , ■ ■ ■ ,K t if there exists an isomorphism 
f : K x x • • • x K t — > F with 

H(f(xx, x t )) = ufa) ■ ■ ■ (i(x t ) 

for any (xi, ...,x t ) G Kx x • • • X K t . 

Let A = (cr 2 ), B s (s < 3) be a rank s pure ax subgroup, B = E>x, C = F 3 , D be a 
rank 3 subgroup with only one element conjugate to <j\. Then the involution types 
of some elementary abelian 2-subgroups of Eg have the following description 

F r , s = A r xB s x B 3 ; F' rs = A r x B s x B 2 ; 

F' e 5 r s = A r xC s xB e x B\ +& - 

F"x = A r xB, F r " 2 = A r xC, 

f;; 3 = A r xD- F' r = A r 

Fe,6,r,s ( s > 1) doesn't a similar decomposition since elements in F €! s, r<s — F' e5r s are 
all conjugate to a 2 . With the involution type available, we can describe Graph(F). 
The graphs of F r jS is a complete bipartite graph with s, 3 vertices in two parts, that 
of F' r s is a complete bipartite graph with s, 2 in two parts, that of F" s (s > 1) is 
a single vertex graph, that of F' r is an empty graph, the graphs of F e ^, r ,s, F' e 5r s are 
not of bipartite form and a little more complicated. 
In summary, we have the following statement 

"the conjugacy class of an elementary abelian 2-subgroup F C G is determined 
by the datum (rank F, rank Ap, Graph(F)) 

Proposition 8.10. For an elementary abelian 2-subgroup F C Eg, m is a bilinear 
form on F if and only if F is not conjugate to any of {F r ^ s : r < 2, s < 3} U {F e ^, r ,s '■ 
e + <5<l,r + s<2}U {F^ 3 : r < 2}. 

Proof. When F is conjugate to one of {F rtS : r < 2, s < 3} U {F et s t r }S : e + 5 < 
l,r + s < 2}, it contains a subgroup conjugate to _B 3 , F 0i o,o,o or D. £> 3 , i^o.o.o, D 
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contains 7, 3, 1 elements with /x value -1 respectively, so m is not bilinear on them 
by Proposition 12.291 

When F is conjugate to a subgroup in the other four families, m is bilinear on F 
follows from the orthogonal decomposition of it. □ 

We can write the decomposition of involution types for some subgroups in a 
simpler way, 

F' Tfi = A r x B 2 , 

F' r l = A r x B x B 2 = A r x B x C, 

F' r 2 = A r x B 2 x B 2 = A r xC x C, 

F' 10 r s = A r x C s x B x B\ = A r x B x C s+ \ 

F^ & r s = A r xC s x B\ +& = A r x B\- s x C s+25 . 

Proposition 8.11. (1) r < 2, s < 2, W(F TtS ) = Hom(F^ +s ,F£) x ( GL(r, F 2 ) x 
(GL(s,F 2 )xGL(3,F 2 )))/ 

(2) r<2, W(F r , 3 )^Rom(¥l¥ r 2 )x(GL(r,F 2 )x((GL(3,¥ 2 )xGL(3,¥ 2 ))xS 2 )); 

(3) r<2,s< 2, W(F^ S ) = Sp(r, s; 2s - S 2 , 

(4) e+5 < l,r+s < 2, W{F eSrs ) = ¥ r + 2s+e+25+2 xSp{r, s+e+25; e, (l-e)(l-5)); 

(5) e + S < 1, r + s < 2, W{F^ r>s ) = Sp(r, s + e + 25; e, (1 - e)(l - 5)). 

(6) r < 3, s < 2, W{F? S ) = Hom(F^,F^ +1 ) x ((F^ x. GL(r,F 2 )) x GL(s))); 

(7) r < 5, W(F r ') = GL(r,F 2 ). 



Proof. By Proposition 18.81 we need to calculate automorphisms of F preserving the 
function fi on F. 

W(F r , s ) = Rom(¥l +s ,¥ r 2 ) x W(F 0:S ) and W(F 0>8 ) stabilizes B s U B 3 C F , a . By 
this we get (1) and (2). 

When m is bilinear, (F, m, /x) is a symplectic metric space, then we can identify 
W(F) with the automorphism group of (F,m,/j,). By this we get (3) and (5). 

(4) follows from (5) immediately. 

For (6), we have Ap C Hp C -F and , //jr are preserved by W^F). By Lemma 
18.61 we have rankAp = r, rank Hp/Ap = 1, rank F/Hp = 1, then we get the 
conclusion. 

(7) is clear. □ 

We have an inclusion % : E 7 C E 8 since Eg 1 = (E 7 x Sp(l))/((c, -1)). Let p : 
E 7 — > Aut(c 7 ) be the adjoint map (a 2-fold covering). For a pure o\ (that for E 7 
case) elementary abelian 2-group F C Aut(e 7 ), i(p~ 1 F) is an elementary abelian 
2-group of E 8 . 

Proposition 8.12. An elementary abelin 2-group F C E 8 is conjugate to i(p~ l F') 
for some pure o~\ group F' C Aut(e 7 ) if and only if F contains an elementary x with 
x ~ o~\ and H x = F. 

Proof. It follows from the description of the conjugacy classes of involutions in 
E- = (E 7 xSp(l))/((c,-l)>. ' ' □ 
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Any subgroup of E§ satisfying this condition is conjugate to one of 

{F r>1 = A r :r<2}, {F' rl , r < 2}, {F[^ s : r + s < 3, s > 1}, {F^ : r < 3}, 

there are 13 classes in total. Since there are also 13 classes of pure o\ subgroups in 
Aut(e7), so for any two elementary abelian 2-groups F, F' C Aut(e7), 

i{ P ~ l F) ~ Aut(eg) i{ V - l F') & F ~Aut(c 7 ) F'. 
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